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ABSTRACT The objective of this work is to theoretically model oxygen unloading in sickle red cells. This has been done by
combining into a single model diffusive transport mechanisms, which have been well-studied for normal red cells, and the
hemoglobin polymerization process, which has previously been studied for deoxyhemoglobin-S solutions and sickle cells in
near-equilibrium situations. The resulting model equations allow us to study the important processes of oxygen delivery and
polymerization simultaneously. The equations have been solved numerically by a finite-difference technique. The oxygen
unloading curve for sickle erythrocytes is biphasic in nature. The rate of unloading depends in a complicated way on (a) the
kinetics of hemoglobin S polymerization, (b) the kinetics of hemoglobin deoxygenation, and (c) the diffusive transport of both
free oxygen and oxy-hemoglobin. These processes interact. For example, the hemoglobin S polymer interferes with the
transport of both free oxygen and unpolymerized oxy-hemoglobin, and this is accounted for in the model by diffusivities which
depend on the polymer and solution hemoglobin concentration. Other parameters which influence the interaction of these
processes are the concentration of 2,3-diphosphoglycerate and total hemoglobin concentration. By comparing our model
predictions for oxygen unloading with simpler predictions based on equilibrium oxygen affinities, we conclude that the relative
rate of oxygen unloading of cells with different physical properties cannot be correctly predicted from the equilibrium affinities.
To describe the unloading process, a kinetic calculation of the sort we give here is required.

INTRODUCTION

Mathematical models of oxygen transport in red cells
have been presented by Moll (1969), Kutchai (1970),
Sheth (1979), Sheth and Hellums (1980), Baxley and
Hellums (1983), Federspiel (1983), Clark et al. (1985),
and Lemon et al. (1987). The processes governing the rate
of oxygen transport within erythrocytes are the deoxygen-
ation of, hemoglobin and the diffusion of oxygen and
hemoglobin. The processes for sickle erythrocytes are

complicated by the reduction of the solubility of sickle
hemoglobin, HbS, on deoxygenation (Singer and Singer,
1953). For concentrations beyond a critical solubility,
HbS tends to polymerize. The polymer binds oxygen

noncooperatively and with a lower affinity than the
deoxyhemoglobin molecules in solution (Sunshine et al.,
1982).
Minton (1974, 1975, 1976, 1977) proposed a thermody-

namic model which adequately explained physical proper-

ties such as the effect of temperature and concentration
on sickle hemoglobin gelation under equilibrium condi-
tions. Sunshine et al. (1982) reproduced the equilibrium
oxygen dissociation curve theoretically using a two phase
model for a hemoglobin gel (solution + polymer).

Ferrone et al. (1985a) studied polymer formation in
HbS solutions at physiological hemoglobin concentrations
using the laser photolysis technique. They used an argon
ion laser to photodissociate a carbon monoxide complex of

hemoglobin S and monitor polymer formation from the
change in light scattering. They also proposed a theoreti-
cal model which incorporated kinetic and thermodynamic
parameters of the double nucleation mechanism (Ferrone
et al., 1980; Bishop and Ferrone, 1984; Ferrone et al.,
1985b). Their model reproduced polymerization kinetics
in the first 15% of the polymer growth curve for a

deoxyhemoglobin S solution (zero fractional oxygen satu-
ration). The laser photolysis experiments gave consider-
able insight into the nucleation and growth mechanisms
of the polymerization process. Their data, however, were

not relevant to physiological situations where polymeriza-
tion is induced by spontaneous deoxygenation of erythro-
cytes in the microcirculation and where the kinetics of
intracellular polymer formation depend on the rate of
deoxygenation.

Intracellular sickle hemoglobin gelation was studied by
Noguchi et al. (1980) in erythrocyte samples undergoing
very slow (-50 h) but spontaneous deoxygenation. They
used natural abundance 13C NMR spectroscopy to quan-
titate the polymer fraction in sickle cells at different
oxygen saturations. Their experimental data closely agreed
with their theoretical estimates of polymer fractions at
equilibrium which indicated the existence of near equilib-
rium conditions in the erythrocytes during their extremely
slow deoxygenation experiments. However, it was not
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clear whether such equilibrium conditions existed in vivo
in sickle red cells undergoing deoxygenation at a much
faster rate (- 1 s) in the microcirculation.

Stathopoulous et al. (1987) made an attempt to model
the dynamic process of sickle erythrocyte deoxygenation
in the microcirculation. They presented theoretical results
for oxygen transport by a sickle cell suspension flowing
down a capillary. Their theoretical model accounted for
hemoglobin diffusion and nonlinear deoxygenation kinet-
ics based on the oxygen-HbS equilibrium curve. They,
however, didn't incorporate the effect of polymerization
on the deoxy HbS concentration or on the free and
facilitated diffusion of oxygen. Moreover, their equilib-
rium curve data for sickle blood, used in the modeling of
deoxygenation kinetics, only reflected the effect of poly-
mer on the oxygen affinity of sickle hemoglobin during
equilibrium conditions. The various processes occurring
in a sickle erythrocyte during deoxygenation have substan-
tially different kinetic rates; hence, such a quasi-
equilibrium approach to modeling oxygen transport from
sickle red cells would fail to adequately represent, under
many conditions, the dynamics of sickle erythrocyte
deoxygenation.

Sickle red cells have an elevated intracellular 2,3-DPG
(diphosphoglycerate) concentration (Charache et al.,
1970) which influences the oxygen affinity of hemoglobin.
2,3-DPG is known to decrease the oxygen affinity of
normal adult hemoglobin (HbA) by binding specifically
to deoxyhemoglobin and stabilizing the tense, deoxy
conformation (Arnone, 1972). The effect of elevated
molar ratios of 2,3-DPG to hemoglobin (Hb) on the
kinetics of deoxygenation and the oxygen equilibrium
curve for normal human blood has been studied in the
past (Salhany et al., 1970; Bauer et al., 1973; Samaja and
Winslow, 1979; Samaja et al., 1981). An increase in
2,3-DPG levels causes a right shift in the oxygen dissocia-
tion curve for normal hemoglobin. Unpolymerized HbS in
solution behaves like normal hemoglobin in terms of its
oxygen affinity (Pennelly and Noble, 1978). It is not
surprising, therefore, that higher levels of 2,3-DPG in
sickle red cells contribute to the decreased oxygen affinity
in sickle cell anemia (Charache et al., 1970).
HbS polymerization occurs when hemoglobin S is

deoxygenated and, hence, a compound which alters the
oxygen affinity of hemoglobin S is likely to affect the
degree of sickling at a given partial pressure of oxygen.
Jensen et al. (1973) studied the effect of increased
intracellular 2,3-DPG concentrations on the phenomenon
of sickling at equilibrium conditions and concluded that it
enhanced HbS aggregation and, consequently, the forma-
tion of low 02 affinity polymer at a given Po2. Thus, the
intraerythrocyte organic phosphate influences the oxygen
affinity of sickle hemoglobin directly (by stabilizing deoxy
HbS) and indirectly (by influencing the polymer concen-

tration at a given Po2). No previous attempts have been
made to isolate these two effects at equilibrium conditions
or compare their contribution to the dynamic process of
oxygen unloading in sickle erythrocytes.

Zarkowsky and Hochmuth (1977) studied the effect of
2,3-DPG concentrations on the kinetics of sickling in
erythrocytes subjected to sudden deoxygenation with
sodium dithionite. Their data showed that a reduction in
intracellular 2,3-DPG concentration significantly in-
creased the time interval between complete deoxygen-
ation and the onset of morphologic deformation (sickling
time) in sickle erythrocytes. The sickling time in their
experiments, however, was essentially independent of the
kinetics of hemoglobin desaturation, and the large alter-
ation in sickling time was probably due to the influence of
2,3-DPG concentration on deoxy HbS solubility (Poillon
et al., 1986). The effect of elevated 2,3-DPG/Hb molar
ratios on the kinetics of intracellular polymerization due
to their effect on the rate of oxygen unloading has not
been investigated yet.

Chien et al. (1970) showed that any red cell population
in sickle cell anemia displayed a wide spectrum of
intracellular HbS concentrations with the mean corpuscu-

lar hemoglobin concentration (MCHC) ranging from 0.2
to 0.5 g/cc. Seakins et al. (1973) studied the effect of
erythrocyte HbS concentration on the oxygen affinity of
hemoglobin at equilibrium conditions and compared it to
the effect of the diphosphoglycerate-hemoglobin molar
ratio. They found the affinity of HbS lowered when they
did the analysis for samples with a higher MCHC and
lower molar ratio. This led them to conclude that HbS
concentration played a greater part than the intracellular
2,3-DPG levels in lowering the oxygen affinity of blood in
sickle cell anemia (due to its influence on the formation of
low affinity polymer). This analysis again was at equilib-
rium conditions and gave no information on the relative
effects of these two parameters on the rates of oxygen

unloading and HbS polymerization in sickle red cells.
A theoretical model, which includes (a) diffusive trans-

port of free (unpolymerized) oxygenated and deoxygen-
ated HbS, (b) diffusive transport of free oxygen, and (c)
the kinetics of deoxygenation and polymerization of HbS,
is developed for the simulation of oxygen delivery from
sickle red cells and intracellular polymerization in- the
microcirculation. The oxygen unloading curves for nor-

mal and sickle red cells, with physiological intracellular
concentrations of 2,3-DPG and the same mean corpuscu-

lar hemoglobin concentration (MCHC), are compared
using the same external extraction environment. The
effects of 2,3-DPG/Hb molar ratio, intraerythrocyte
hemoglobin concentration and boundary Po2 on the mech-
anisms influencing the rate of oxygen unloading and HbS
polymerization in sickle erythrocytes are also studied.
Finally, to establish the relevance of oxygen affinity
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analysis done at equilibrium conditions to the actual
process of oxygen delivery, the oxygen unloading curves
are simulated for the same parameter values used by
Seakins et al. (1973) in their study on oxygen affinity.

GLOSSARY

Principal symbols
(The concentration and reaction rates are per unit volume
of cell and fluxes per unit area of cell unless indicated
otherwise.)
B Bunsen solubility coefficient for oxygen
BH2o Bunsen solubility coefficient for water
CH density of unaggregated monomer (g/cc monomer)
Cp density of polymer (g/cc polymer)
Cs0, HbS solubility (g/cc solution)
CSI,10 deoxy HbS solubility (g/cc solution)
C, total hemoglobin concentration
Dk diffusivity of species "k" in the solution
Fk flux for species "k"
[Hb] concentration of free hemoglobin in the solution (g/cc

solution)
K dissociation rate constant for deoxygenation
K+ reaction rate constant for addition of monomer to

nuclei/polymer
Nk molar concentrations of unpolymerized species "k"
N50 molar concentration of oxygen at equilibrium at 50%

saturation
Pk partial pressure of species "k" in solution
P50 partial pressure of oxygen at equilibrium at 50%

solution fractional oxygen saturation
(P50)t partial pressure of oxygen at equilibrium at 50% total

fractional oxygen saturation
S degree of supersaturation of deoxy HbS monomer
T temperature
Yp polymer phase fractional oxygen saturation of hemoglo-

bin
YS solution phase fractional oxygen saturation of hemoglo-

bin
Y, total fractional oxygen saturation of hemoglobin
r, reaction rate for deoxygenation
r2 reaction rate for polymerization
a half cell width
i* size of critical homogenous nucleus
j* size of critical heterogenous nucleus
n dimensionless exponent in the Hill equation
nH molar concentration of polymerized deoxy monomer
nH molar concentration of polymer ends
nH. molar concentration of heterogenous nuclei
pHe plasma pH
pHi pH of solution in the red cell
t time
td delay time, defined as the time that elapses, during

deoxygenation, between the formation of supersatura-
tion and the time when the cell-averaged polymer
concentration reaches a specified level

ts time scale

Vk volume fraction of phase "k" in the cell
Veff area fraction of the cell available for diffusion
Xk mole fraction of phase "k" in the cell
x spatial distance along width of the cell
ly monomer activity coefficient
Ysoi activity coefficient of soluble part of the monomer
'yi +I activity coefficient of activated complex (i.e., homoge-

nous nucleus + 1 monomer)
-yi, n* j. activity of homogeneous nuclei in millimolar units

area fraction of polymerized monomer surface avail-
able for heterogenous nucleation

Subscripts
Co2
H
HO
002's2
avg
cr
f
h
i

s

sol
sup

p
w

carbon dioxide
deoxyhemoglobin
oxyhemoglobin
oxygen
spatially averaged
critical
free (unpolymerized)
higher molar ratio of 1.5
initial
lower molar ratio of 1

solution
soluble
supersaturated
polymer
cell wall (boundary)

Superscripts
nondimensional quantities
quantities per unit volume of solution

1, 2, 3 for hemoglobin densities of 0.35, 0.34, and 0.33 g/cc,
respectively

A for a hemoglobin density of 0.324 g/cc
B for a hemoglobin density of 0.362 g/cc

MECHANISMS GOVERNING OXYGEN
UNLOADING RATES

Oxygen moves by both free and facilitated diffusion from
the center of the red cell to the cell membrane in normal
erythrocytes during the unloading process. Facilitated
diffusion results from the movement of oxyhemoglobin,
HbO2, toward the cell wall. This oxyhemoglobin under-
goes simultaneous diffusion and deoxygenation, resulting
in free 02 and deoxy HbA. The unbound oxygen diffuses
out of the cell and deoxy HbA diffuses back toward the
cell center. Local concentrations of the normal adult
hemoglobin, HbA (oxy + deoxy), remain constant during
the process.

Sickle red cells unload 02 in a manner similar to that of
normal red cells until the soluble HbS concentration
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becomes lower than the total HbS concentration. Polymer-
ization begins after a characteristic latent period and acts
as a "sink" for the deoxy HbS molecules (see Fig. 1). The
deoxy HbS molecules incorporated in the polymer are
unable to diffuse toward the center of the cell because of
the large size of the aggregates.

Polymerization affects the deoxygenation reaction by
"removing" deoxy HbS from the solution. (Because the
polymer binds oxygen so weakly, the ooygen removal
from the solution by polymerization is generally negligi-
ble.) Diffusion is also affected because (a) the polymer is
a barrier to the diffusion of 02 and the free oxy and deoxy
HbS components, and, (b) polymerization alters the
solution hemoglobin concentration and, consequently, the
diffusivities of oxygen and hemoglobin, and their concen-
tration gradients, in the solution. These are the direct
effects of polymerization. There are certain other indirect
effects which, due to the extremely nonlinear interdepen-
dence of the three mechanisms (deoxygenation, diffusion,
and polymerization), cannot be visualized without actu-
ally solving the transport equations. These will be dealt

N - 2 N - 1 N (Cell Boundary)

Diffusion Free 02

I0.

Free Oxy HbS

> Free Deoxy HbS

Polymerized HbS

with later. However, it is obvious at this point that the
HbS "sink" results in a diffusive redistribution of local
HbS (free oxy, deoxy, and polymer) concentrations.

MODEL FOR OXYGEN DELIVERY

Basic assumptions
The red cell, as a first approximation, is modeled as a
one-dimensional slab of thickness 2a. This choice of slab
geometry has been used in previous models for 02
transport in normal red cells (Moll, 1969; Kutchai, 1970;
Sheth and Hellums, 1980; Clark et al., 1985). Oxygen
delivery from the sides of the sickle red cells can be
modeled using this kind of a geometry. Transport from
the edges of the red cell and the red cell curvature are
ignored. We use a typical half width value of a = 1 ,m in
our model.
HbS is assumed to exist in two phases: free Hb in

solution (T-state and R-state) and polymerized Hb (T-
state molecules only). This is based on the extension of the
two state allosteric model (Monod et al., 1965) to the
gelation of HbS (Sunshine et al., 1982). The amount of
oxygen bound to the polymer is assumed negligible. The
plasma pH outside the cell, pHl, is assumed to be
constant. The PCO2 is taken as 40 Torr and the physical
and kinetic constants are obtained at a temperature of
350C.

Transport equations
The transport equations are derived from mass balances
for the four species: free oxygen, free oxyhemoglobin and
deoxyhemoglobin, and polymerized deoxyhemoglobin.
Processes entering the mass balance are, in general,
convection, diffusion, and chemical reactions. We neglect
convective effects of internal flow within the red cells in
the present work. Then we have

aNo

dt =-v.FHo+-l

aNH
FIGURE 1 A schematic for the processes and conditions at three
locations inside a sickle erythrocyte during oxygen removal. The column
on the right shows conditions next to the cell wall; the other two columns
represent two interior locations progressively nearer the cell center.
Each row represents a chemical species in the cell; the symbol sizes
indicate the relative local concentration of a species at different positions
in the cell. The horizontal and vertical arrows represent physical
diffusion and the chemical reactions, respectively.

nH
=

at =2,

(1)

(2)

(3).FH-r, -r2

(4)

where FO, FHO, and FH are the fluxes for oxygen,
oxyhemoglobin, and deoxyhemoglobin, respectively. The
hemoglobin (molecular weight 64 kD) and oxygen concen-
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trations are in millimolars. The concentrations and reac-
tion rates are per unit volume of the cell. The fluxes are
per unit area.

The difficulty with the transport equations comes when
we attempt to supply explicit expressions for the fluxes
and reaction rates. In some cases, these functions are
more easily estimated in terms of quantities per unit
volume of solution than per total unit volume (of cell).
Both these descriptions are closely connected with alter-
nate viewpoints based on the description of the system.
During the initial stages of the unloading process, before
the initiation of polymerization, these two definitions
coincide. The problem arises after the deoxyhemoglobin
monomers in the solution start aggregating.
We define the system, in general, as consisting of

polymer and hemoglobin solution. The volume fractions,
in the cell, of the solution and polymer are vS and vp = 1-

vS, respectively. We denote quantities per unit volume of
the solution by -. Then concentrations and reaction rates
per unit volume of the solution are given byN = N/vs and
F = F/vs. Finally, we define fluxes per unit area of
solution as F. If we assume the impenetrable polymer to
be uniformly interspersed in a unit volume of the cell, then
the area fraction of the cell available for diffusion
decreases by a factor which depends on the size, shape,
and distribution of the barriers. For dilute barriers, this
factor depends only on their volume fraction and is given
by (Crank, 1975):

1-vpV 2v5
e 1 + (Vp/2) 3 -v (5)

Taking this area reduction into account, we have F =

F/veff. We can rewrite the transport equations in terms of
these quantities. The general form is

a

at (vSN) = - V * (veffP) + sf (6a)

or

dNr 1 -SOvS
dt =--V *(veffp) + r- dts (6b)

We now look at the individual fluxes and reaction rates.

Kinetics of deoxygenation
Unpolymerized HbS solution has the same oxygen affinity
as HbA (Pennelly and Noble, 1978) for a given Hb
concentration and 2,3-DPG/Hb molar ratio. We assume
that the deoxygenation kinetics for unpolymerized HbS
are similar to that for HbA. The four step reaction
scheme is represented by the simpler one step approxima-

tion used by many previous authors

Hbf + 02 * Hbf 02, (7)
where Hbf represents free deoxy HbS. We adopt the
kinetic expression from Clark et al. (1985)

= K[NH (-,0- NHO]
\NOJ

(8)

where P1 is the reaction rate for Eq. 7 based on a unit
volume of the solution. The molar concentrations, NH,

NHO, NO, and N50 are also expressed in terms of a unit
volume of the solution. Because the solution phase in the
cell behaves like normal hemoglobin, No = BPO2 for an

oxygen partial pressure of Po2 and solubility B. Although
the solubility of oxygen is altered by intracellular polymer
formation (this effect is discussed elsewhere), we assume
the effect to be negligible when Po2 2 P50. The oxygen
concentration at 50% solution fractional saturation, N50,

therefore, is equal to BP50. F, = 0 gives the equilibrium
oxygen dissociation curve fit well by the Hill equation.
The reaction rate based on a unit volume of the system is
given by

N50

Kinetics of polymerization
The polymerization process can be represented by a

simple reaction

Hbf -Hbp, (10)

where completely deoxygenated unpolymerized HbS
monomers form polymerized Hb aggregates with a reac-

tion rate of r2. The polymerization kinetics of HbS in
solution were modeled theoretically for the initial part of
the process (<15% polymerization) by Ferrone et al.,
(1985b) at zero fractional oxygen saturation. Polymeriza-
tion inside red cells proceeds by the same nucleation and
growth mechanisms as in deoxy HbS solutions (Coletta et
al., 1982). Goldberg et al. (1981, 1982) had previously
demonstrated that intracellular sickling isn't significantly
enhanced by the existence of possible nucleation sites on a

red cell membrane. We, therefore, used the model by
Ferrone et al. (1985b) to simulate in vivo HbS polymeriza-
tion by extending it to nonzero fractional saturations.
The rate equations developed by Ferrone et al. (1985b)

can be written as

- = K, (,yNH)[n*Hj* + i*H,i)

r2 = K+ [(yNH) - (,y,,0 NH,,,)I nH ,

(1 1)

(12)

(9)
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where, at 350C (see Appendix 1),

(yi.ni*) = ('yswNHS,l) exp [15.6087

In (In S) - 22.7081] (13)
nH* = 'nH exp [16.6087 In (In S) - 22.509]

S < 3.5099 (14)
= knH exp [13.2278 In S - 35.3375]

3.5099 < S < 4.4034 (15)
= OnH exp [2.5419 ln (ln S - 1.2902) - 11.5362]

S > 4.4034 (16)

NH (17)

For convenience, all concentrations and the reaction rate
involved in the polymerization kinetics are expressed per
unit total volume. NH,.l is the concentration of soluble
deoxyhemoglobin. nH is the molar concentration of poly-
merized monomer (moles of deoxy monomer in the
polymer per unit total volume) and S represents the
supersaturation of the monomer. The values of X and K+
at 350C are 5.2481 x 10-4 and 3.4674 x 103 mM-s-,
respectively.

Eqs. 11 and 12 represent nucleation and growth for the
polymerization process (see Fig. 2), respectively. Ferrone
et al. (1 985b) assumed that the addition of a single deoxy
HbS monomer to either a homogenous nucleus (molar
concentration = n*, *) or a heterogenous nucleus (molar
concentration = n* j*) results in the formation of a poly-
mer. The nucleation process was taken to be effectively
irreversible and hence, there is no back reaction term in
Eq. 1 1. This process results in an increase in the concentra-
tion of polymer ends, n*. Here, solution nonideality, a

prominent feature of sickle hemoglobin polymerization,
plays an important role in the kinetics of the process.
At concentrations required for polymerization, the

protein molecules occupy a significant fraction of the
solution volume and hence, the total solution volume is not
available to the HbS monomer and aggregates. The
excluded volume effect shows up as large activity coeffi-
cients in the kinetic equations where activities are used
instead of molar concentrations. (Activity coefficients
were not used earlier in the discussion on the kinetics of
deoxygenation as published data on the dissociation rate
constant, K, are based on molar concentrations, rather
than activities, of 02 and the Hb components.) Although
oxyhemoglobin S molecules are a nonpolymerizing spe-
cies and do not have any specific involvement in the
process of gelation, they exert their influence by increas-
ing the activity coefficients of the deoxy HbS monomer

(,"y, y1) and the activated complex (yi, +1). Behe and
Englander (1978) had shown that the addition of a

foreign protein (having the same size and shape as HbS)
in an HbS solution had the same effect on the HbS

Homogenous, n'-r

Critical Nuclei

/ J ~~~Hetero-
genous, n*H

00 flH
00 dt

00
00 /

0°0° 0O° ,o

oo o0o00000000
000 00 0 00

00 000 0

0

Deoxy HbS
Monomer, NH

dflH
dt

m ~~Polymerized
Monomer, nH

(Im
, HiAf ffr EfI

FIGURE 2 A schematic representation of the mechanisms of deoxy
HbS polymerization (i.e., nucleation and growth). The small open
circles represent deoxyhemoglobin monomers which can react to form
nuclei (larger shaded circles) in the solution (homogenous nucleation)
or on already existing polymer (heterogenous nucleation), or which can
contribute to the growth of existing polymer (shaded rectangles).

activity coefficient as the presence of HbS molecules
itself. Eaton and Hofrichter (1978) used this rationale to
compute, to a first approximation, the activity coefficients
of the deoxy HbS monomer and the activated complex in
solutions of hemoglobin S partially saturated with carbon
monoxide. Adopting a similar approach, we get activity
coefficients of the form 'y = fl(NH + NHO), ys'l =

fi(NH,sl + NHO), and yi*+ = f2(NH,NH,sOj, NHO). The
functionsf1 andf2 are given in Appendix 2.
The activity of the homogenous nuclei, yjn H,i is

divided by the activity coefficient of the activated complex
to obtain the rate of increase of concentration of the
polymer ends due to homogenous nucleation. The hetero-
genous nuclei are attached to the polymer, treated thermo-
dynamically as a crystal, and hence the activity coeffi-
cients for the j*-mer and j* + -mer cancel out.
Monomer depletion from the HbS solution occurs due

to the formation of polymer ends and the addition of
monomer to existing polymer ends. Although polymer
growth is accompanied by the alignment of polymer fibers
(Hofrichter et al., 1976), initial polymer domains are

largely unaligned and form as entangled polymer masses

(Basak et al., 1988). Because the model is valid only for
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the initial part of the polymerization process, we neglect
directionality effects of polymer alignment on the process
of monomer depletion (and on the diffusive fluxes).
The entire polymerization kinetics (Eqs. 11-17) are

governed by the relative rate of change of NH and NH,O.
or, effectively, the rate of change of the degree of
supersaturation of the HbS solution in the cell. The
process of polymer growth is initiated by the nucleation
mechanism only after the HbS solubility, C,01, falls below
the total HbS concentration in the cell, Ct, resulting in
supersaturated hemoglobin solution. HbS solubility in-
creases and decreases monotonically with increasing and
decreasing fractional saturation of free hemoglobin respec-
tively (Sunshine et al., 1982). Therefore, a deoxy HbS
solution formed by laser photolysis has minimal HbS
solubility (C01,0), resulting in maximum supersaturation
for a given HbS concentration. The elapsed time from the
photolysis to the time when a physical change in the HbS
solution is detectable (a so-called delay time, td) is
inversely proportional to the supersaturation for a fixed Ct
(Hofrichter et al., 1976), and is therefore minimal for
such conditions. The degree of supersaturation decreases
as polymerization proceeds and eventually vanishes on

completion of the aggregation process.
Polymerization kinetics for a sickle cell unloading 02

differ from the photolysis case above in that the starting
point for nucleation is infinitesimal supersaturation. As
the cell unloads oxygen, the solution fractional saturation,
Ys, and hence solubility, C.,, decreases. This results in an
initial gradual increase in the extent of supersaturation of
the HbS solution during the latent period which tends to
accelerate the nucleation process and effectively decrease
the delay time. Once the delay period is overcome, the
increase in the supersaturation is opposed by a negative
tendency resulting from an accelerated rate of monomer
aggregation. If the cell unloads all its oxygen during the
delay period, maximum supersaturation is at the point
where Y1 = 0. If, however, the latent period elapses before
the cell has fully unloaded, S reaches a maximum value at
some intermediate Y. Beyond this point, S decreases until
polymerization is complete. In this case, the polymer
interferes with the unloading of the remaining °2 from
the sickle cell. The complexity of this oxygen delivery
process arises from the fact that beyond a threshold point,
the rate of °2 unloading not only determines the rate of
decrease of 02 and HbO2 in the cell but also influences the
degree of diffusive obstruction encountered by these
diminishing components.

Fluxes
We first need to define our system inside the cell before we
estimate the fluxes of the various components. At high
P02, when the polymer concentration is small, the small

clumps of polymer can be treated as large molecules, and
the interior of the sickle cell is essentially a (nonideal)
solution. At the opposite extreme, when the polymer
concentration is high, the polymer structure can be like a

rigid, macroscopic matrix, and then the interior of the cell
is like a heterogenous material, perhaps even like a porous
medium. Traditionally these qualitatively different situa-
tions are analyzed using totally different kinds of models.
It is very difficult to find a model which can handle these
two extremes and the continuous variation between them.
The estimation of the diffusive flux in a partially polymer-
ized cell is very difficult. In the worst case, there is
considerable polymer present in a concentration which
varies with position. In principle, we have to deal with
diffusion in a heterogenous material which is not statisti-
cally homogenous, and in which the heterogenities are not
dilute.
We take a much simpler and cruder approach and

assume that the fluxes in the solution phase are normal.
This assumption is quite reasonable because polymer
concentrations in our model are quite small. Thus the flux
per unit area of solution is equal to the normal diffusivity
times the gradient of concentration per unit volume of the
solution. The flux equations are then

Fo = -DOV NO

FH.= -DH V NH

FHO = - DHO V NHO.

(18)

(19)

(20)

The fluxes per unit area of the cell are obtained by
multiplying Eqs. 18-20 by veff. The hemoglobin molecule
is much larger than the oxygen molecule and, hence, we

can take DHO = DH with a high degree of accuracy.
We express the molar concentrations as a function of x

and t. Taking all the assumptions into account, the
transport equations, Eqs. 1-3, in the final form are (see
Appendix 3)

aNo 10 [ 2v. adNo
Ot =-v V [DX k3 - v, Ox

JRO~~~&on
-K[NH (-,)- - NHO] +Nr

OINHO
D

2v, 'INHOO NH]
(uN0~n

-N]O
Ot 3DH3X-V) axa] [N N50 HO]

ONH a
rDH 2v, ONH]

Ot Ox [D (3 Vs) Ox]

-K[NH(-) -NHO] -r2,

(21)

(22)

(23)

where Cp is the polymer density (= nH/vp) and v =- 1 -

(nH/Cp). The product of the diffusion coefficient, Dk, and
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veff represents the effective diffusivity of the species "k" in
the cell at any given x and t. The term NoI'2/(v3Cp) is a
result of the volume change of solution associated with
polymerization on No. The solution volume fraction in the
cell decreases with increasing amounts of polymer. This
has the effect of decreasing the solution volume "available"
to the oxygen molecules and, consequently, increasing No
(moles 02 per unit volume of solution). This mechanism
of contributing to an increase in No can, therefore, be
qualitatively thought of as a "concentrating effect." Eq. 4
gives the rate of change of the polymerized monomer

concentration.
The red cell membrane is impermeable to hemoglobin

and hence, the sum total of moles of the three individual
hemoglobin components remains constant for the cell. At
any given time t,

a[NH(X, t) + NHO(x, t) + nHH(X, t)] dx = C,
(24)

aN'H la , 2v,\ OJH]
D'Hdt' Ox'L

H t3 vs ox'j
- K' [NH(N') - N'Ho - rF (27)

oan'H
dt' 2, (28)

where D' = Dots/a2, D'H = DHts/a2, K' = KtsCti/N50,
K' = Kts, L' = r2ts/Cti and Cp = CpICt,i-
The equations for the kinetics ofdeoxy HbS polymeriza-

tion, in the nondimensional form, are

___n (,yi.n i.)'1
I -= K'+ (yN'H)[(ntJ*)' + (

r2 = K' [(YNNH) - ('y.,NH,.o) I (nH)',

(29)

(30)

where

(yi.n*,i*)' = (yso,N') exp [15.6087 ln (In S)
- 22.7081] (31)

where Ctji = Ct(t = 0). Eq. 24 can be used to check the
accuracy of the solutions for Eqs. 4, 22, and 23. Hence, it
is convenient to leave the concentrations on the left hand
side of these equations in moles per unit cell volume.
Molar concentrations per unit solution volume cannot be
used in Eq. 24 because the solution volume is not constant.

Scaling the transport and kinetics
equations
The transport equations for oxygen and the hemoglobin
components are expressed in a nondimensional form by
making the concentrations, length, and time dimension-
less. Using the superscript "prime" to denote nondimen-
sional quantities, we have x' = x/a, t' = t/ts, N6 = Nol
Nso, NHO = NHO! Ct,i N'H = NH/Cti and nH = nH/Cti.
The time scale, ts, is somewhat arbitrarily chosen as

a2/DHj, where DHJ is the hemoglobin diffusivity at time
t = 0.

Making the appropriate substitutions in Eqs. 4, 21, 22,
and 23, we get

dNo 1 a D'( 2vs \aN]
At' v, Ox' 3 - v,) Ox']

- - [NH(NO)n- NHO] + X) (25)

H j*)' = n'H exp [16.6087 In (In S) - 22.509]
S < 3.5099

= fn'H exp [13.2278 In S - 35.3375]

3.5099 C S C 4.4034

(32)

(33)

= n'H exp [2.5419 In (In S - 1.2902) - 11.5362]
S > 4.4034 (34)

(35)

Here, (n*h)' = n I/Ct,j, NH'SO = NH,SOl/Ct,j, (n*HJ*)
n*j/Ctj, (yi*ni, ) = (yi*enj*)1Ct,; and K+4 = K + tsCt,i.
These transport and polymerization kinetics equations are

highly nonlinear and have to be solved numerically.

Boundary conditions
We solve the transport equations for half
due to symmetry. Therefore, we have

-x =Olx' x 0

O9N'H
O9x' x'=-o

the cell width

(36)

= 0 (37)

ONH
=0

Ox' x'=o
(38)

ONHo [ 2v, \ INHO]
Ot' OX'L Hk3 vsJ Ox']

+ K'2 [N'H()n - N'Ho] (26)

at the cell center.
No hemoglobin can pass through the cell membrane

and hence, at the cell wall, the boundary conditions on the
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free HbS components can be written as

xNHO I
adx' x= °

and

(n*H) = 0.
(39)

H.i

aMH =
0.

clx' e= I

The polymer doesn't undergo diffusion and hence, there is
no boundary condition for n'H.

The remaining boundary condition for free oxygen
depends on the situation being modeled. The red cell
membrane is assumed to offer no resistance to the
transport of 02 and hence, the most general boundary
condition for free oxygen at the surface of the red cell is a
matching condition with the external environment. It is
much simpler, however, to solve the °2 transport equation
by uncoupling it from the transport dynamics outside the
cell.
We concentrate on intra red cell transport in the

present study and specify the oxygen partial pressure at
the cell surface, (PO2 ), The value of (Po2 ), can be made a

function of time to mimic the oxygen environment that a

red cell "sees" as it traverses a capillary. This same

situation could also be modeled in a different way by
imposing a value of oxygen flux on the boundary. In the
present model, (Po2), is kept constant. The boundary
oxygen concentration, No,w [= B(x' = 1) x (Po2 )W]'
however, does not remain constant as polymerization
affects the Bunsen solubility of oxygen. This effect is dealt
with later.

Initial conditions
In the absence of significant precapillary oxygen losses,
the red cell will have a uniform, initial oxygen concentra-
tion N ,, which is in equilibrium with the dimensionless
concentration of saturated free hemoglobin, Yj. Using
the Hill equation to represent this initial equilibrium
situation, we have

No j(x' < 1)=()/.(41)

The initial fractional saturation of free hemoglobin is
chosen large enough to ensure that the initial solubility,
CScl ;, is greater than Cti. Thus, at t = 0, the cell enters the
capillary free of any polymer. The uniform initial concen-
trations of the Hb components in the red cell are given by

N'Oj = Yj,, (42)

NH i = 1 - Ys,,, (43)

nH = 0, (44)

Deoxy HbS solubility
Sunshine et al. (1982) expressed HbS solubility as an

empirical function of Y, by doing a curve fit to their
solubility data at 250C. Their function was in the form of
a 15th order polynomial. To facilitate our computations,
we modified their function by curve fitting their data to a

fifth order polynomial with a correlation coefficient of
0.996. To obtain the functional dependence of C,21 on Y. at
350C, we used a temperature correction factor Csol,0(35oC)/
Csol,0(250C) = 0.8814 (C. T. Noguchi, personal communica-
tion). The solubility at 350C is, therefore,

CSOI(35°C) = 0.8814 CsoI(25-C)i (46)

The final form of the empirical function for nondimen-
sional solubility of sickle hemoglobin, CS,O (= C,1/c.Ct), at
350C is

Cs = el + el2Y + e3Y2 + e;Y3 + etY4 + e6Y5
(47)

where e; = C5.I,0 = 2.5156/Ct i, e2 = 4.5332/Ctj,
9' = -30.055/Ct,, e; = 97.5586/Ct,, eo = -129.128/
Ct,, and ej = 62.1162/Ct,i with Ct,j in millimolar units.
The distribution of HbS among its different compo-

nents in a sickle red cell unloading oxygen in the capillar-
ies varies with time spent (or location) in the microcircu-
lation. When the cell enters the capillary (t = 0), the
fractional saturation, Ys, in our model is high enough for
all the hemoglobin in the cell to be in a soluble form. This
condition persists as long as CL,O remains greater than one,

and the sickle cell unloads oxygen like a normal cell. A
mass balance of the species in the cell gives

C (=1) = N'HO + NH, (48)

where Ct'= Ct/Ct,j, NHO = YS, and NH = 1 - YS. YS
decreases as the cell unloads oxygen in the capillaries and
reaches a critical saturation, YS'c, at time t = tcr, At this
instant, the hemoglobin solution in the cell reaches the
critical saturation C,(,1(Ys) = 1.
The HbS solution becomes supersaturated for t > tc,

and the deoxy HbS monomer starts aggregating. The
mass balance of the species now gives

C = NHO + NH + nH (49)

Although the total hemoglobin concentration averaged
over the cell remains constant (Eq. 24), C,'(x, t) is not
necessarily equal to 1 throughout the cell, due to the
diffusive redistribution of the hemoglobin components. To
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determine the degree of supersaturation, S, we express NH
as the sum of two subcomponents; one that is soluble in
the HbS solution at equilibrium, NHSOI, and the other that
is in excess of the soluble part (the supersaturated part),
NHSUP = NH - NH.SO We should mention here that there

is no real physical separation of these two components and
they cannot be distinguished from one another in the
solution. However, this step is essential for determining
NHSOI at any instant t. In the theoretical model for the
laser photolysis experiment (Ferrone et al., 1985b), this
NH,SO corresponds to the deoxy HbS solubility, C1,10,
which is a known constant. In the present model, the
solubility CQ,1 represents soluble moles of oxy and deoxy
HbS. Hence the need for splitting the HbS components in
the solution (NHO + NH ) into the soluble part
(NHO + NHSOI) and the supersaturated part (NH,up).
We assign hypothetical volume fractions to the soluble

and the supersaturated HbS "components" in the solu-
tion, vsol and vsup, respectively, where vs,1 + vsup = vs.
Because the cell comprises of solution and polymer, we

have

1 =v+ VUP +vP. (50)

We use the specific volume of the unaggregated deoxy
HbS monomer (= 0.79 cc/g), given by Minton (1983), to
get the density of the unaggregated monomer, CH
(= 1.2658 g/cc monomer). The polymer density, Cp, is
taken equal to 0.69 g/cc polymer (Sunshine et al., 1979).
We rewrite Eq. 49 as

C, = (NHO + NH SOI) + N,sup + n'H (51)

=VsoI CSOI + VSUP C'H + VP C'P (52)

where CH = CH/Ctj with Ctji in g/cc.
The solubility and fractional saturation data of Sun-

shine et al. (1982) were obtained for HbS solution
samples in which the polymer was in equilibrium with the
rest of the solution. This indicates that the deoxy HbS in
their solution samples corresponds to NH,.,1 in our model
and, therefore, the fractional saturation, Ys, used in the
empirical relationship (Eq. 47) is

Y, N' N__ (53)

N'Ho + N',,1 v- C

Eqs. 47 and 50-53 can be solved simultaneously (see
Appendix 4) to obtain a polynomial of the form

6

ai+Y, =
0, (54a)

i=O

where

a, = Q(CH- el)

a=ei -Qe' {i= 2-6}

a7 = e6

(54c)

(54d)

NHOCP
P - H) -Cn H (CP - nH) (54e)

Ys corresponds to the real, nonnegative root of the
polynomial. From Eq. 53, the soluble deoxy HbS compo-
nent is

NH = NIHO(). (55)

NH,., approaches the value of C' 1,O as the cell continues to
unload oxygen. Although the amounts of polymer present
in the cell are negligible for tcr < t < tcr td' we still use
the above technique for determining N'SOl for all t > t to
ensure continuity of nH = nH(t') and r2 = On'H/Ot'.

Parameter values
There are three important parameters that influence the
theoretical results obtained from the present model for a

given temperature and plasma pH; the total hemoglobin
concentration in the cell, Ct;,, the boundary P02 and the
2,3-DPG/Hb molar ratio (M.R.). Cthi and M.R. affect the
values of kinetic constants and diffusion coefficients used
in the model. Ct,j also influences the actual physical
processes involved in the unloading phenomenon through
the number of HbS moles that are "allowed" to polymer-
ize. The boundary P02 doesn't have any effect on the
constants/coefficients used in the model. Its influence on
the oxygen delivery process is manifested through its
effect on oxygen concentration gradients. In this section,
we look at the effect of Ctj and M.R. on the kinetic
constants and diffusion coefficients.
We take a typical value of 0.34 g/cc for the hemoglobin

density within the red cell. For a 64 kD molecular weight
of Hb, this density corresponds to a hemoglobin concentra-
tion of

C,j = 5.3125 mM. (56)

The plasma pH is taken as 7.4.
The diffusion coefficient of oxygen (Do) is obtained

from the compilation of data by Kreuzer (1970); hemoglo-
bin diffusivity (DH) is taken from the measurements of
Spaan et al. (1980). The functional dependence of these
diffusivities on the solution hemoglobin concentration,
[Hb] (= NHO + NH) is given in Appendix 5. Polymeriza-
tion alters the hemoglobin concentration in the solution
and this results in a spatial and temporal variation of the
diffusion coefficients. The initial values of the two diffusiv-
ities at 350C, corresponding to a hemoglobin density of
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0.34 g/cc, are (see Appendix 5):

DH,i = 1.454 x 10-1 cm2/s

DO = 8.797 x 10-6 Cm2/S.

constant Pco, and pH, is given by Winslow et al. (1983)
for a temperature of 370C. We assume that these values

(57) of n remain unchanged at 35 OC and get

(58)

We now consider kinetic parameters which are quite
sensitive to the 2,3-DPG/Hb molar ratio. For normal
cells, we choose a characteristic molar ratio of 1 (MacDon-
ald, 1977). Because 2,3-DPG concentrations are elevated
in sickle red cells, the molar ratio being as high as 2 in
some cases (Charache et al., 1970; Jensen et al., 1973), we
choose a value of M.R. = 1.5 to represent the intraeryth-
rocyte DPG concentration.
The kinetic parameters are influenced by the molar

ratios. If these molar ratios were to be altered by the
presence of polymer, then the kinetic parameters would
vary during the course ofoxygen unloading/HbS polymer-
ization. We assume, at this stage, due to lack of informa-
tion on the affinity of the polymer for 2,3-DPG, that the
polymer has the same affinity for the diphosphoglycerate
as the solution phase T-state molecules and that deoxy
monomer aggregation doesn't inhibit the binding of
2,3-DPG. Then the molar ratio of 2,3-DPG/Hb does not
change during polymerization. In any case, our model
incorporates only the first 15% of the curve for localized
growth of polymer and it is unlikely that such small
amounts of polymer would alter the molar ratio signifi-
cantly.
We get P50 from the equations by Samaja et al. (1981)

relating human blood P50 to M.R., Pco2, and pH,, at a

temperature of 370C. On using their equations for pHe =
7.4, PCO2 = 40 Torr, and applying the temperature
correction factor from Kelman and Nunn (1966), we get,
at 350C (see Appendix 6),

P50 = 26.34 Torr M.R. = 1 (59)

= 29.84 Torr M.R. = 1.5. (60)

The Bunsen solubility coefficient, B, is needed to
convert P50 to N50 and Po2 to No. Spaan et al. (1980) have
given a formula that determines B from the value of BH2o,
the Bunsen solubility for water, taking into account the
increase in solubility due to hemoglobin and the corre-

sponding decrease due to dissolved salts. If we ignore the
correction for salt concentrations, which is very small,
their formula reduces to

B = BH20 (1 + 1.997 x 102 [Hb]), (61)

where [Hb] is in millimolars. The value of BH20 at 350C,
obtained from the standard solubility tables by Linke
(1965), is 1.459 x 10-3 mM/Torr. Polymerization alters
[Hb] and, consequently, the solubility of oxygen.
The effect of molar ratio on the Hill's parameter, n, at

n= 2.63 M.R. = 1 (62)

= 2.67 M.R. = 1.5. (63)

The dissociation rate constant, K, is highly sensitive to
temperature, pH, and the molar ratio. Due to lack of
extensive published data on the variation of K with these
three parameters, the values ofK at the desired physiolog-
ical conditions are obtained by making certain assump-

tions and interpolating the data (see Appendix 6) from
Salhany et al. (1970) and Bauer et al. (1973).
The internal pH of the red cell solution is determined

using the nomogram from Samaja and Winslow (1979)
for ApH across the red cell membrane. For pHe = 7.4, we
get

pH, = 7.22 M.R. = 1 (64)

(65)= 7.16 M.R. = 1.5.

We estimate the value of K, at 350C and the respective
hemoglobin solution pH's, to be (see Appendix 6)

K= 167s-' M.R.= 1 (66)

= 179s-' M.R. = 1.5. (67)

An important non kinetic parameter in our model, that
is also sensitive to molar ratios, is the deoxy HbS
solubility, C1O,0. However, this sensitivity is restricted to
molar ratios <1 (Poillon et al., 1986), and thus we do not
consider it further here.
We choose two values of hemoglobin densities, 0.324

g/cc (CA\ = 5.0625 mM) and 0.362 g/cc (C,; = 5.6563
mM), to study the effect of Ctj on the unloading of 02
from sickle cells. These values correspond to the MCHC's
used by Seakins et al. (1973) in their experiments
designed to determine the effect of HbS concentration on

the oxygen affinity of blood in sickle cell anemia. We use

our theoretical model to do a parallel comparison and also
determine the individual effects of HbS concentration and
elevated molar ratios on the oxygen unloading curve. We
use the same values of external pH (pH, = 7.13) and
2,3-DPG/Hb molar ratios (21.8 ,mol/g Hb = 1.4 and
17.7 ,mol/g Hb = 1.13) as Seakins et al. (1973). The
temperature is constant at 350C and PCo2 = 40 Torr.
We get the initial values of diffusivities, corresponding

to these hemoglobin densities, from the functions given in
Appendix 5

DAi = 9.393 x 10-6cm2/s

DBi = 8.029 x 10- cm2/s

(68)

(69)
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D. A. 1.748 x 10-7 cm2/s (70)

. ;= 1.021 X 10-7 cm2/s. (71)

The kinetic parameters, P50, n, and K, for the two molar
ratios are obtained using the procedure outlined in Appen-
dix 6. The final values of these parameters, at PCO2 = 40
Torr, pH, = 7.13, and T = 350C, are

P50 = 34.4 Torr M.R. = 1.13 (72)

P50 = 36.72 Torr M.R. = 1.4 (73)

K = 190.6 s- M.R. = 1.13 (74)

K= 198.4s-' M.R. = 1.4. (75)

The Hill coefficient, n, from Winslow et al. (1983), is
2.64. The Bunsen solubility coefficient is determined
using Eq. 61.

Finally, we choose three values of hemoglobin density,
0.35 g/cc (Cl,i = 5.4688 mM), 0.34 g/cc (C,2 = 5.3125
mM), and 0.33 g/cc (C3i = 5.1563 mM), to study the
effect of hemoglobin concentration on intracellular poly-
merization in sickle erythrocytes. The initial values of the
diffusion coefficients at hemoglobin densities of 0.33 and
0.35 g/cc, from Appendix 5, are:

* = 8.440 x 10-6 Cm2/S (76)

* = 9.166 x 10-6 Cm2/S (77)

H,j = 1.262 x 10-7 cm2/s (78)

D 3 ,i = 1.639 x 10-7 cm2/s. (79)

The values ofD2 i and Do have been listed earlier (Eqs. 57
and 58, respectively).

Numerical solution
A simulation of oxygen unloading from sickle cells in the
presence of HbS polymerization requires solving the
transport equations (25-28), polymerization kinetic equa-
tions (29-35 and A2. 1-A2.3) and the deoxy HbS solubil-
ity equations (54a-55) simultaneously. Attempting an

analytical solution of these highly nonlinear, coupled,
partial differential equations would be extremely difficult.
We, therefore, need a numerical technique for solving the
governing partial differential equations. The problem
associated with numerical integration of the coupled
transport equations is that of stringent stability require-
ments for the numerical algorithm. This, however, can be
tackled by "trial and error" experimentation with the
choice of grid intervals.
We develop a numerical algorithm, using an explicit

finite difference scheme with nondimensional grid spac-

ings Ax' and At' (Ax', At' constant). A well-established

stability criterion for numerical integration of a linear
diffusion equation (ON/at = DO2N/0x2), using an ex-

plicit finite difference algorithm, is

AtD 1

A2-2' (80)

where D is the diffusivity. The stability criterion for the
nonlinear transport equations is not known a priori.
However, we can expect it to be at least as stringent as the
above criterion.
We used 15 grid points (nodes) in the cell half width

(0 < x' < 1) with the 1st and 15th node coinciding with
the cell center and boundary, respectively. Then for a

uniform grid

14' (81)

For the time step, we used

At' = 3 x 10'. (82)

The stability criterion (Eq. 80 written in a nondimen-
sional form) is satisfied with this Ax' and At' for all initial
values of effective diffusivity for both species, D'H; and
D6,i (veff = 1 at t' = 0). These choices also proved to give
a stable algorithm for all cases that we considered in spite
of the variation in effective diffusivities of oxygen and
hemoglobin (due to the effect of polymerization on the
diffusion coefficients and veff).
The input parameters in our numerical algorithm are

Ctj, Ysj, M.R., and (Po2),,. The partial differential equa-
tions are expressed explicitly in an algebraic form using
finite differencing. The first and second order spatial
derivatives in the transport equations are expressed in the
centered difference form for the internal nodes
(0 < x' < 1). They are handled somewhat differently at
the boundary nodes (see Appendix 7). The first order time
derivatives of concentration are approximated using the
forward differencing scheme and the concentrations of 02
and the HbS components at any node in the cell at a time
t' + At' are determined from their corresponding values at
time t'.
HbS solubility is determined at each step from Eq. 47,

using Y, = NHO, to check for the initiation of polymeriza-
tion. We bypass the polymerization kinetic equations for
t s tcr to avoid dealing with singularities arising from the
"ln(ln S)" term in Eqs. 31 and 32 (because S = 1) and
impose values of n' = 0, r2 = 0 on Eqs. 25-28. Once

<,<1 (i.e., t > t,), we get (n *)' and n'H at time t' + At'
using S(t') obtained from Eqs. 54a-55 and A2.1-2.3.
Using the values of n' and vp (= na/Cp), we obtain veff
and [Hb] and, subsequently, new values of the effective
diffusivities at time t' + At'. The boundary oxygen

concentration is modified to account for the change in
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B(x' = 1), effected by the change in [Hb] at the cell wall.
Thus, we get the spatial profiles of No, NH, N'Ho, and nH
as a function of time for a given set of input parameters
and initial values (Eqs. 41-45). The spatial variation of
Po2across the cell is obtained from the spatial profile of
No after taking into account the alteration of solubility by
the polymer. Concentration profiles are averaged over the
cell half width to obtain the variation of averaged concen-

trations of the various species in the cell with time.
Because most of the oxygen in the cell is bound to Hb, the
variation of NIO,avg with time is representative of the
oxygen unloading process. n'Ha,g(t') indicates the extent of
HbS polymerization in the cell at any instant t'.
The numerical algorithm is also used to simulate

oxygen delivery from normal red cells by replacing the
solubility expression (Eq. 47) with

CIO, = constant (>1). (83)

Because the criterion for initiation of polymerization is
never satisfied in the algorithm for this case, it continues
to simulate oxygen unloading from normal cells analo-
gous to the earlier part of the oxygen delivery process
from sickle cells (t < tcr)I

Finally, we extend our two phase model to the equilib-
rium situation to reproduce the equilibrium oxygen disso-
ciation curve for sickle hemoglobin at fixed values of M.R.
and Ct,j. We assume equilibrium between (a) deoxy HbS
in the polymer and in the solution (with S = 1 every-
where in the cell), and, (b) oxygen and oxy HbS in the
solution. The mole fractions of polymer and solution in
the cell, at any given P02 and Ctj, are obtained from mass

balance (Ross et al., 1977). Because there is no oxygen
incorporated into the polymer in our model, the total
fractional oxygen saturation, Yt, at any given P02 is the
product of Y. and the mole fraction of the solution, x.. The
details of this equilibrium analysis are given in Appendix
8.
The numerical algorithm was used, in both the sickle

and normal cell modes, to analyze several different cases.

We used fixed values of Y,i = 0.95 and T = 350C in all
our analyses. The variation of spatial profiles and the
spatially averaged values of oxygen and the hemoglobin
components with time were determined for sickle and
normal cells with a hemoglobin density of 0.34 g/cc. This
was done at molar ratios of 1 and 1.5 and boundary Po2's
of 0, 5, 10, 15, and 20 Torr with pH, = 7.4. The
equilibrium model was used to determine the maximum
extent of desaturation possible in these cases from the
equilibrium values of total oxygen fractional saturation at
the respective Po2's. The effect of hemoglobin concentra-
tion on the extent of polymerization in sickle cells was also
studied by doing computations for cells with Ct,j = 0.33,
0.34, and 0.35 g/cc. The molar ratio was taken as 1.13,

plasma pH, 7.13 and boundary PO2, 20 Torr. Finally, to
establish the individual effects of hemoglobin concentra-
tion and molar ratio on the rate Of 02 unloading from
sickle cells, we ran the numerical code for cells with
hemoglobin densities of 0.324 and 0.362 g/cc and molar
ratios, 1.13 and 1.4, keeping (Po2)w constant at 20 Torr
and pH, at 7.13. We also used the equilibrium model to
study the relative effects of these two parameters (Ctj and
M.R.) on the oxygen affinity of sickle hemoglobin (based
on the equilibrium oxygen dissociation curve).

Computations for the sickle cell cases were done till the
point where the maximum polymer concentration in the
cell reached a value that was 15% of the equilibrium
polymer concentration at zero fractional saturation. The
computations were then repeated for the same number of
iterations in the normal cell mode. To check for the
accuracy of our solutions, we made several runs for some
of the above cases using smaller time steps (At' = 1 x 10-5
and 2 x 10-5) and compared the results with those
obtained for At' = 3 x I0-5. The maximum discrepancy
between corresponding values of concentration for any

species, obtained using smaller time steps, was within
0.5% of the original results.

Results and discussion
The characteristic spatial profiles of the concentration
variables were plotted for sickle and normal cells. We also
plotted the oxygen unloading and polymerization curves

for sickle cells and tried to establish the individual effects
of 2,3-DPG concentration, (PO2)w and Ctj on these pro-

cesses.

Fig. 3 shows the spatial variation of C' in the sickle red
cell, during the unloading and polymerization process.

The shape of the curve indicates a net diffusive redistribu-
tion of the HbS components across the cell width. The 02

gradients in the vicinity of the cell wall are quite steep,
resulting in the fastest rate of decrease of Y, and,
subsequently, C.,I. The criterion for polymerization is first
satisfied at the outermost node in the cell and results in
the buildup of polymer in this region. HbS accumulation
at the wall is compensated by a corresponding decrease in
concentration towards the center of the cell. This varia-
tion is absent in normal cells.
The three important mechanisms of deoxygenation,

diffusion and polymerization (see Fig. 1) influence, di-
rectly or indirectly, the relative amounts of oxygen and
the three HbS components present in the cell at any given
instant. The polymer concentration is directly influenced
by polymerization kinetics; the other two mechanisms
affect it indirectly through their influence on the number
of deoxy HbS moles "available" for polymerization at any
given point in the cell. Polymerization affects N'HO and
NO indirectly through its influence on the other two
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FIGURE 3 Spatial profile of the nondimensional total hemoglobin
concentration, C', in the cell half width, during the °2 unloading

process, at t = 0.153 s in normal cells (Nl,h:molar ratios of 1 and 1.5)
and sickle cells (Sh°:molar ratio = 1.5, (Po2)W= 10 Torr) with a
hemoglobin density of 0.34 g/cc. The plasma pH is 7.4. Also, a = 1 Mm.

mechanisms. Deoxyhemoglobin concentrations, however,
are directly affected by all three processes. A study of the
rate of change of N'H, due to these three separate
mechanisms, at both extremes of the domain (i.e., the cell
center and cell wall) gives insight into the relative
magnitudes of the effect of these three mechanisms at
different stages of the oxygen delivery process.

Figs. 4, a and b show the separate influences of
deoxygenation, diffusion, and polymerization on aN'H/dt'
(obtained from Eq. 27) at the cell wall and cell midpoint,
respectively. At t' = 0, the cell enters the microcircula-
tion with a 95% oxygen fractional saturation and encoun-

ters a very low oxygen environment. This triggers off a

rapid HbO2 dissociation reaction in the vicinity of the cell
wall and disturbs the spatial homogeneity of the HbS
components in the cell. The disturbance propagates to the
cell center, subsequently resulting in diffusive fluxes
throughout the cell. The deoxygenation reaction contrib-
utes toward an increase in NH at all points in the cell (see
Fig. 1). Diffusion slows down the rapid increase in deoxy
HbS concentration near the cell boundary, where the
dissociation rate is maximum, by passive transport of
deoxyhemoglobin S toward the cell interior. This diffusive
transport assists the accumulation of deoxy HbS mono-
mers in the regions of slow deoxygenation near the cell
center. Thus, deoxygenation and diffusion affect the
resultant aN'H/lt' in an opposite sense at the cell wall
(Fig. 4 a) and in a complementary sense at the cell center
(Fig. 4 b). The large concentration gradients, resulting
from the initial disturbance, start leveling off gradually
and lead to a decrease in diffusion and deoxygenation
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FIGURE 4 Rate of change of nondimensional, free deoxy HbS concen-

tration, NH with t' (= t/ts), due to diffusion, deoxygenation, and
polymerization, as a function of t' at (a) the cell wall, and, (b) the cell
center, for sickle cells with a hemoglobin density of 0.34 g/cc, molar
ratio 1.5 and 10 Torr boundary P02. pH, = 7.4 and ts = 0.0688 s.

rates. This slows down the rate of increase of NH
everywhere in the cell.

Polymerization first begins at the cell wall at t' = t'
and slowly propagates to the cell interior. The autocata-
lytic growth of polymer, at the end of the delay period,
rapidly removes deoxy HbS monomers from the supersat-
urated HbS solution. The polymerization reaction now
acts in conjunction with the diffusion mechanism at the
cell boundary to counter the increase in N'H due to
oxyhemoglobin dissociation. At the cell center, polymer
formation opposes both deoxygenation and diffusion. The
rate of polymer growth soon becomes large enough to
cause N'H to decrease, first at the cell wall, and then,
subsequently, at other points in the interior of the domain.
This transition can be seen in Figs. 4, a and b at the point
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FIGURE 5 Spatial profile of nondimensional, free deoxyhemoglobin
concentration, NH, in the cell half width at three different stages during
the oxygen unloading process (l:t = 0.132 s; 2:t = 0.145 s; 3:t = 0.153
s) in normal (Nh°:M.R. = 15, (P02)W= 10 Torr) and sickle
(Sh°:M.R. = 1.5, [P02JW = 10 Torr) cells with a hemoglobin density of
0.34 g/cc. Plasma pH is 7.4 and a = 1 M&m.

where the "resultant" curve intersects the X-axis
(ON'H/dt' = 0).
The variation in the spatial concentration profiles of

deoxy HbS and deoxy HbA are shown in Fig. 5. In normal
cells, the deoxyhemoglobin concentration increases mono-
tonically throughout the cell width with N'H(x' = 1) >

N' (x' = 0) due to the higher deoxygenation rates at the
cell boundary. In sickle cells, the deoxyhemoglobin concen-

tration increases initially analogous to the case for normal
cells. The spatial profile of deoxy HbS at t = 0.132 s in
Fig. 5 represents a typically "growing" profile. At t =
0.153 s, polymerization rates in the cell are large enough
to cause NH to decrease everywhere in the domain. The
fact that the decrease in deoxy HbS concentration is
faster near the cell membrane as compared with the rest
of the cell indicates the higher rates of polymer growth in
that region. The spatial profile at t = 0.145 s shows
N'H(x') in the transition state. The difference between
corresponding deoxyhemoglobin concentrations in sickle
and normal cells at any spatial position in Fig. 5 repre-
sents the amount of deoxy HbS monomer incorporated
into the polymer at that location in the cell.
Lowered °2 affinity in normal cells with higher 2,3-

DPG concentrations results in lowered oxyhemoglobin
concentrations. This can be seen from the spatial profiles
of N'HO for normal cells with molar ratios of 1 and 1.5 in
Fig. 6. The rate of deoxygenation is always higher in the
vicinity of the cell wall and, hence, N'HO(X' = 1) <

N'HO(x' = 0).
The spatial variation of N'HO in sickle cells, relative to

0.0 0.2 0.4 0.6 0.8
Axial Distance Across Cell (x/a)

1.0

FIGURE 6 Spatial profile of nondimensional, free oxyhemoglobin con-
centration, NHO, in the cell half width, during the °2 unloading process,
at t = 0.153 s for normal (N,0, NI0:molar ratios of 1 and 1.5,
respectively; [P02] = 10 Torr) and sickle (Sl0:molar ratio = 1.5,
[P02 = 10 Torr) cells with a hemoglobin density of 0.34 g/cc. pH, =
7.4 and a = 1 m.

that in normal cells with the same 2,3-DPG concentra-
tion, is difficult to visualize intuitively. The rate of change
ofN'HO in either cell is directly influenced by the deoxygen-
ation and diffusion of oxyhemoglobin. The former tends to
decrease oxyhemoglobin concentrations throughout the
cell width. The latter, however, decreases N'HO only in the
vicinity of the cell center. Diffusion tends to replenish the
oxyhemoglobin dissociated at the cell boundary. Polymer-
ization affects the rate of change of oxyhemoglobin and,
consequently, the oxygen unloading process indirectly
through its interference with these two mechanisms. The
nature and the extent of interference of polymerization
with deoxygenation and diffusion depends on the relative
magnitudes of the three mechanisms at any instant.
An important parameter that influences the effect of

intracellular polymerization on the other two mechanisms
is the boundary Po2. We compared the oxygen unloading
curves for sickle and normal cells having the same Cti and
2,3-DPG concentration for different values of (Po2),. On
plotting the variation of N'Ho,avg(sickle)/N'HO,avg (normal)
with time (see Fig. 7), we found a reversal in the trend of
variation for the 0 and 5 Torr case. Normal cells seem to
unload oxygen faster than sickle cells for (Po2)w = 0 Torr
(indicated by a ratio >1 which increases monotonically).
However, with a boundary Po2 of 5, 10, and 15 Torr, sickle
cells seemed to have a lower affinity for oxygen than their
normal counterparts. To explain this anomaly in the
characteristics of the oxygen unloading curves for sickle
cells, we need to analyze in detail, the effect of polymeriza-
tion on the HbO2 dissociation reaction and the diffusion of
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FIGURE 7 The effect of polymer on the oxygen unloading process in
sickle cells, represented by the variation with t' (=t/ts) of the ratio of
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oxyhemoglobin S under different Po2 boundary condi-
tions.
HbS polymerization decreases the solution hemoglobin

concentration in the cell; this results in an increase in the
diffusivity of oxyhemoglobin (and oxygen). The polymer
domains in the cell also pose as impenetrable barriers to
the motion of HbO2 molecules. The decrease in effective
diffusivity of oxyhemoglobin S due to the latter effect,
however, isn't as large as the increase due to the former.
Therefore, the effective diffusivity of oxy HbS increases in
the presence of polymer. The polymer also lowers the
spatial concentration gradients of oxyhemoglobin in the
solution (ON ola/dx' and a2N'Ho/lX'2 ). This decrease in
the concentration gradients is only partially compensated
for by the increase in effective diffusivity (at least during
the initial part of the polymerization process for the cases

considered here). HbS gelation, therefore, results in lower
diffusive fluxes of oxyhemoglobin in the cell. This tends to
increase N'HO at the cell center and decrease it at the cell
edge relative to the oxy HbA concentration in a normal
cell. The boundary Po2 doesn't in any way change the
nature of the interference of polymerization with the
diffusion process. The key to the explanation for the
reversal in trend, therefore, lies in the effect of HbS
gelation on the deoxygenation reaction kinetics under
different conditions of oxygen unloading.
The growth of polymer influences the concentrations of

each component involved in the deoxygenation reaction
individually. The net effect of polymerization on the
deoxygenation reaction rate is dependent on the relative

magnitudes of its individual effects on N'0, N'HO, and N'H
Because NH is the only concentration which is directly
affected by polymerization kinetics, the primary influence
of r2 on the deoxygenation kinetics is through its effect on
the deoxy HbS concentration. The deoxygenation reac-

tion rate in normal cells decreases as deoxy HbA concen-
tration increases monotonically. As discussed earlier, NH
in sickle cells increases only up to a certain point and then
starts decreasing due to the explosive growth of polymer-
ized aggregates (the "sink" effect). This tends to increase
the rate of HbO2 dissociation. We examine this effect
more closely in the vicinity of the cell wall, where the rate
of polymerization is maximum.

2.60 The net deoxygenation term in Eq. 26 can be rewritten
for the node at the cell boundary as

Deoxygenation term = K' [N'H(O.0) - N'HO]

(Po,), = 0 Torr (84)

= K2 [N' N'Ho]

(Po,), = 5 Torr (85)

K2[N'H(0.054) N'HO]

(Po2), = IO Torr. (86)

The deoxygenation term in Eq. 84 is unaffected by N'H or

any variation in the trend of ON'H/dt'. The polymerization
process, therefore, exerts only a very weak influence on

deoxygenation kinetics in the region near the cell wall, the
primary effect being that of slower diffusion of oxy HbS
toward the wall. The cell tries to offset, to some extent,
this interference with the compensatory mechanism of
diffusion by effectively slowing down HbO2 dissociation
near the cell wall. Polymerization, therefore, results in
slower deoxygenation in this region. This type of indirect
interference by the polymer is characteristic of situations
where the effect of r2 on dNj /lt' goes virtually
"unnoticed" by the deoxygenation mechanism. The slower
diffusion and deoxygenation processes contribute individ-
ually to dN'Ho/lt' in an opposite sense. The effect of the
polymer on diffusion is greater; hence NH0 at the cell wall
is lower in sickle cells as compared to normal cells.
The situation at the cell center is more complex than at

the wall because all three concentrations are involved in
the deoxygenation process for any boundary condition.
The polymer interferes with the diffusion of oxy HbS and
oxygen away from, and the transport of deoxy HbS
toward, the reaction site. The end result of the individual
effects of polymerization on N'HO, NH, and N , for
(Po2)w = 0 Torr, is a slower rate of deoxygenation in the
sickle cell at the center. The polymer, therefore, interferes
with mechanisms of diffusion and deoxygenation in the
same sense in this region. As a result, they both contribute
toward an increase in NHo at x' = 0 with the effect of
slower diffusion more prominent than that of slower
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deoxygenation. Owing to the fact that at the cell wall, the
effect of slower diffusion on N'HO is partially offset by the
slower rate of deoxygenation, a major portion of the cell
has a higher N'HO. This results in a higher spatially
averaged concentration of oxyhemoglobin S in the sickle
cell. Hence, polymerization tends to slow down the
unloading of oxygen from a sickle cell when the boundary
Po2 is 0 Torr.
The HbO2 dissociation reaction at the cell boundary is

influenced by the decreasing deoxy HbS concentration
when the boundary Po2 is 10 Torr (see Eq. 86). The
forward dissociation reaction gets accelerated due to the
incorporation of deoxy monomers into the polymerized
aggregates. The faster deoxygenation reaction, coupled
with a slower diffusion (or compensatory) process, rapidly
decreases N'HO(x' = 1) and produces a much lower oxyhe-
moglobin concentration in the vicinity of the cell mem-
brane as compared with the earlier case. The polymer
exerts a similar influence on deoxygenation and diffusion
at the cell center in the 10 Torr case as in the earlier
situation with 0 Torr boundary Po2, at least during the
initial stages of polymerization. Thus, as seen in Fig. 6,
Nj O(x' = 0) is higher in sickle cells. The region near the
cell boundary, however, experiences a greater effect of
polymerization due to the relatively higher rate of poly-
mer growth in that region. The resulting N'HO avg is,
therefore, lower in sickle cells when (Po2), = 10 Torr.
These effects become more pronounced for higher values
of (Po2)N
The situation where (Po2)" = 5 Torr is an intermediate

case where the influence of polymerization on deoxygen-
ation kinetics is weak but not as weak as in the 0 Torr
case. Although the product N'H(O.OO85) is quite small in
Eq. 85, the effect of polymer formation on N'H doesn't go
"totally unnoticed" by the HbO2 dissociation reaction.
Deoxygenation at the cell boundary does slow down in this
case but it is not as slow as when the boundary P02 is 0
Torr. The effect of slower diffusion toward the cell wall is
much more prominent than that of slower deoxygenation
and, consequently, the lowering of N' O(x' = 1) is more
pronounced than for the 0 Torr case. This results in a
lower spatially averaged concentration of oxyhemoglobin
S.
To sum up things, the main reason for the anomaly in

Fig. 7 is that when (P02)W < 5 Torr, the effect of
polymerization on deoxygenation kinetics in the region of
maximum polymerization is undermined by the existence
of very low 02 concentrations. Because it is physiologi-
cally unlikely for the boundary P02 in the microcirculation
to be <5 Torr, we can conclude that in vivo polymeriza-
tion always accelerates oxygen delivery from sickle cells.
A portion of the 02 unloading curves for a sickle and

normal cell with physiological 2,3-DPG concentrations
for a boundary Po2 of 20 Torr are plotted in Fig. 8. The
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FIGURE 8 Representative oxygen unloading curves for normal (Ni ,
N20:molar ratios of 1.0 and 1.5, respectively; [P02]W = 20 Torr) and
sickle cells (S20:molar ratio 1.5, [P02]W = 20 Torr), during the time
interval from t' (=t/ts) = 2.52-3.12, expressed in terms of variation of
nondimensional, spatially averaged, free oxyhemoglobin concentration,
NHO,g, with t'. C,ji= 0.34 g/cc for all three cases. The plasma pH is
7.4. Also, ts = 0.0688 s.

unloading curve for a normal cell having the same

diphosphoglycerate concentration as the sickle cell is also
plotted to show the separate influences of polymer forma-
tion and elevated 2,3-DPG/Hb molar ratios on the
oxygen delivery process from sickle cells. The effect of
elevated molar ratios on the 02 unloading process seems

much more substantial than that of polymerization dur-
ing the initial part of the polymerization process. The
effect of the polymer is, in fact, almost nonexistent for a

major part of the unloading process (from N'HOaV = 0.95-
0.32). To predict the relative magnitudes of these two
effects in the presence of larger amounts of polymer, we

studied the trend in the variation of the ratio of "polymer
effect"/"DPG effect" with polymer concentration. The
"DPG effect" in Fig. 8 is the difference in the magnitudes
of N'HOavg for normal cells with the lower and higher
molar ratio (i.e., N°0- N20); the "polymer effect" is the
difference in oxyhemoglobin concentrations in normal
and sickle cells with the same molar ratio (N,20 -S ).

Fig. 9 depicts how the relative magnitude of these two
effects changes with increasing polymer concentration for
different boundary conditions. The 0 Torr curve lies below
the X-axis because the polymer slows down the process of
oxygen unloading for this case. The slope of the 20 Torr
curve indicates a rapid increase in the "polymer effect,"
with the possibility of this effect becoming rather substan-
tial at higher values of n'H. However, by the time this effect
becomes prominent, the cell would have unloaded most of
its oxygen under the influence of the higher intracellular
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FIGURE 9 The relative effects of polymer formation (Nh - Sh) and
elevated 2,3-DPG concentrations (N,- Nh) on the oxygen unloading
curves for sickle cells (Sh:Molar ratio = 1.5), as compared with normal
cells (Nh, N,:Molar ratios = 1.5 and 1, respectively), for a boundary Po2
of 0, 5, 10, 15, and 20 Torr. C,,i = 0.34 g/cc and pH. = 7.4

2,3-DPG concentration. (N'.O,avg decreases from 0.95 to
0.298 for [Po2]W = 20 Torr when n'H s 0.04; the equilib-
rium saturation is 0.094. The extent of the unloading is
even greater for lower values of boundary Po2). The 02

unloading curve for sickle erythrocytes seems to be almost
biphasic in nature. The accelerated rate of oxygen deliv-
ery, for a major part of the unloading process (during the
latent period for intracellular polymerization), is due to
the higher 2,3-DPG/Hb molar ratio; the influence of the
low affinity polymer becomes predominant during the
final stages of the process.

Fig. 10 shows the spatial variation of P02 in sickle and
normal red cells with the same HbS density for different
2,3-DPG concentrations. As mentioned earlier, the gradi-
ents are steepest at the cell boundary (x' = 1) due to the
low oxygen environment outside the cell. Normal cells
with the lower 2,3-DPG intraerythrocyte concentration
have higher No than their counterparts with the higher
2,3-DPG concentration (due to their higher oxygen affin-
ity). The corresponding P02, however, is lower in the
former due to the lower values of P50 and n for cells with
M.R. = 1.0. In the case of sickle cells with the higher
molar ratio (Sh), the growing polymer domains near the
cell wall interfere with the outward 02 flux. This obstruc-
tion to diffusion overrides the increase in diffusivity of 02
resulting from a decrease in [Hb]. Polymerization, there-
fore, slows down the diffusion of oxygen in sickle cells.
There is also an increase in the rate of deoxygenation
caused by the "sink" effect of polymerization. The net
effect of slower diffusive fluxes Of 02, a higher rate of
oxyhemoglobin dissociation, and, the "concentrating"

1.0

FIGURE 10 Spatial profile of oxygen partial pressure, P02 (Torr),
during the 02 unloading process, in the cell half width at t = 0.153 s in
normal (N,'0, Nh°:molar ratios of 1 and 1.5, respectively; [Po2]w = 10
Torr) and sickle (Sh°:molar ratio = 1.5, [Po2]w = 10 Torr) cells with
Ct = 0.34 g/cc. The plasma pH is 7.4; a = 1 gm.

effect described earlier is an increase in oxygen concentra-
tions in sickle cells, as compared to normal cells with the
same 2,3-DPG concentration. The corresponding PO2's
are, therefore, higher in sickle cells (Sh > Nh).
The effect of 2,3-DPG concentration and (Po2), on the

polymer content in the cell is shown in Fig. 11. The spatial
profile of n' at t = 0.153 s is plotted for sickle cells with
molar ratios of 1 and 1.5, unloading under the same
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FIGURE I I Spatial profile of nondimensional, polymerized hemoglobin
concentration, nH, in the cell half width for three cases: (Sl)I- molar
ratio 1.0, (Po2)W = 10 Torr, t = 0.153 s; (Sh°), - molar ratio 1.5,
(P02)w = 10 Torr, t = 0.153 s; (S0)2 - molar ratio 1.5, (P02), = 20
Torr, t = 0.215 s. C,; is 0.34 g/cc and plasma pH is 7.4. Also, a = 1 um.
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boundary condition (PO2 = 10 Torr). The rate of HbO2
dissociation increases with an increase in 2,3-DPG concen-

tration. This results in a higher rate of formation of deoxy
HbS monomers. The HbS solution gets supersaturated at
a faster rate and, consequently, there is more polymer
everywhere in the cell at any given instant. The concentra-
tion gradient of polymerized HbS indicates a higher
polymerization rate at the cell boundary than at the
center of the cell.
An increase in boundary Po2 slows down the HbO2

dissociation process and, effectively, the rate of increase
of HbS supersaturation. Therefore, for a given 2,3-DPG
concentration, a higher (Po2)w slows down the rate of
polymerization everywhere in the cell. In Fig. 11, it takes
0.215 s for n'H(x' = 1) = 0.103 in the cell unloading with
a boundary Po2 of 20 Torr; it takes only 0.153 s in the cell
having (Po2)W = 10 Torr. A slower polymerization rate,
however, results in higher concentrations of polymer in
the interior of the cell as indicated by the spatial profiles
of (S0)I and (S20)2 in Fig. 11. This is due to the fact that
when F2 is lower, the deoxy monomer in the interior of the
cell has more time to overcome the delay period.

Fig. 12 shows the resultant polymerization curves for
sickle cells unloading under different boundary condi-
tions. As discussed earlier, an increase in boundary P02
slows down the polymerization process. It also tends to
increase the net delay time (tcr + td) for the process. A
higher boundary oxygen concentration, however, slows
down the oxygen unloading process too. To get an idea of
the relative degree of slowing down of these processes, we
need to look at the variation of both N'Ho,vg and n'H with
time at different values of (Po2)W.
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The effect of boundary Po2 on oxygen unloading and
polymerization is shown cumulatively in Fig. 13. The
variation of n'Havg/N'Hoavg with time is plotted for three
values of N'Ho,avg (I: 0.5, II: 0.45, and III: 0.4). The
boundary Po2, going left to right along each curve, varies
from 0 to 20 Torr. The slope of the curves indicates the
presence of larger amounts of polymer at any given
oxyhemoglobin concentration for higher values of bound-
ary Po2. This indicates that a higher boundary oxygen

concentration slows down the 02 delivery process more

than it does the gelation of HbS during the initial part of
the polymerization process.

Lowering the 2,3-diphosphoglycerate concentration is
another way of slowing down both polymerization (see
Fig. I 1) and oxygen unloading (see Figs. 6 and 8). Fig. 14
depicts the relative effect of lower 2,3-DPG concentration
on both processes at a boundary Po2 of 20 Torr. It is clear
that lowering the 2,3-DPG/Hb molar ratio slows down
oxygen unloading more than it does the polymer forma-
tion process.

Another parameter which influences polymerization
rates in sickle cells is the hemoglobin density, Ct,j. The
effect ofMCHC on polymerization curves is shown in Fig.
15 for a molar ratio of 1.13 and boundary Po2 of 20 Torr.
Polymerization curves are plotted for three values of
MCHC, 0.35 g/cc (cell 1), 0.34 g/cc (cell 2), and 0.33
g/cc (cell 3). The decrease in the rate of polymerization,
corresponding to a 0.01 g/cc decrease in hemoglobin
density, is quite significant as indicated by the slopes of
the curves at any time t > 0.06 s (at t = 0.1 s, the mole
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FIGURE 13 The effect of boundary Po2 on the extent of polymerization
in sickle cells at a given oxyhemoglobin concentration. This is shown by
the variation of (n'4,avg/N'Hoavg) with t' (= tlts) in sickle cells with C,i =
0.34 g/cc and M.R. = 1.5 for three values of N'Ho.avg (I - 0.5;
II - 0.45; III - 0.4). n' avg varies with t', at a fixed N'HOaV., due to the
variation of (PO2 )w from 0 to 20 Torr (left to right along each curve).
ts = 0.0688 s. pHe = 7.4.
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FIGURE 12 The effect of boundary Po2 on the polymerization curves for
sickle cells with a hemoglobin density of 0.34 g/cc. The three values of
(Po2),, for a fixed molar ratio of 1.5, are 0 Torr, 10 Torr, and 20 Torr.
The plasma pH is 7.4 and ts = 0.0688 s.
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FIGURE 14 The effect of 2,3-DPG concentration on the extent of
polymerization in sickle cells at a given oxygen saturation. This is
represented by the variation of nondimensional, spatially averaged, free
oxyhemoglobin concentration, N6o,ag, as a function of nondimensional,
spatially averaged, polymerized HbS concentration, n'H,,vg, for molar
ratios of 1.0 (S 2°) and 1.5 (S2h) in sickle cells with a hemoglobin density
of 0.34 g/cc. The boundary P02 in both cases is 20 Torr and the plasma
pHis7.4.

fraction of polymer in cell 2 is -6 times higher than in cell
3; the corresponding ratio for cell 1 is .50).

Seakins et al. (1973) tried to establish, experimentally,
the effect of erythrocyte HbS concentration on the oxygen
affinity of blood at 35°C (pH,, = 7.13) and its contribu-

0

- 02

0.000 0.021 0.042
Time (s)

0.063 0.084 0.105

FIGURE 15 The effect of hemoglobin concentration on the extent of
polymerization in sickle cells at any given instant. This is represented by
the variation of (nH,a,g/C,,j) with time for sickle cells with molar ratios of
1.13 and hemoglobin densities of 0.35 g/cc (Cl;), 0.34 g/cc (C2;), and
0.33 g/cc (C3,). The plasma pH is 7.13 and the boundry Po2, for both
cases, is 20 Torr.

tion to the right shift in the O2-HbS equilibration curve,
relative to the contribution from elevated 2,3-DPG/Hb
molar ratios. They found that when they increased the
HbS concentration from 0.324 g/cc (C&t,) to 0.362 g/cc
(CtB,), the (P50)t (corresponding to 50% total fractional
saturation) increased by -7.5% despite the decrease in
molar ratio from 1.4 to 1.13. This led them to conclude
that the intrinsic molecular defect associated with HbS
polymerization played an important part in the low
oxygen affinity of sickle blood and that HbS concentration
had a greater effect on the °2 affinity than the 2,3-
DPG/Hb molar ratio in sickle erythrocytes.
We tried a similar equilibrium analysis at 350C using

our two-phase model to determine theoretically the (P50)t's
for these two cases (see Appendix 8). Our analysis also
gave us a resultant (P50)t for Ctj = 0.362 g/cc
(M.R. = 1.13) which was approximately 8% higher than
the (P50)t corresponding to a hemoglobin density of 0.324
g/cc (M.R. = 1.4) although our values were higher than
their experimental values. This can be attributed to the
fact that the nomogram we use for obtaining the P50's for
normal blood (from Samaja et al., 1981) predicts, in
general, higher values than those measured experimen-
tally by Seakins et al. (1973) (Our P50 at 370C,
pHe= 7.13, M.R. = 0.915 was 35.85 Torr; their mea-
sured value was 31.4 Torr). On scaling down our P50's by
a factor of 0.876 (=31.4/35.85), we obtained results
(given in parentheses in Table 8.1, Appendix 8) that were
in excellent agreement with their experimental data. Our
(P50)t's were still slightly higher; this is probably because
we underestimate oxygen affinities slightly by taking
Yp = 0. To establish the relevance of such equilibrium
analysis to the actual 02 delivery process in the microcir-
culation, we used our model to simulate the oxygen
unloading curves for the two cases for a boundary P02 of
20 Torr. We also switched the molar ratios for the two
values of Ctj to isolate the individual effects of the molar
ratio and HbS density on the unloading curve.

Fig. 16 shows the oxygen unloading curves for the four
cases. At a fixed value of HbS density, the sickle cell
unloads faster when the 2,3-DPG content of the cell is
increased. This is due to the effect of the intracellular
organic phosphate on deoxygenation kinetics and is in
agreement with our equilibrium analysis (see Appendix
8) which predicts higher (P50V)'s (and hence lower affin-
ities) at higher 2,3-DPG concentrations for a fixed value
of Ct,j. However, when HbS density is increased and the
molar ratio kept constant, the cell seems to unload oxygen
at a slower rate despite the prediction of lower 02 affinity
at equilibrium. In fact, the combination of a higher HbS
density (0.362 g/cc) and a lower molar ratio (1.13)
results in an even slower oxygen delivery process (B1 as
compared with A2 in Fig. 16). This "unexpected" trend in
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FIGURE 16 The individual effects of hemoglobin density and molar
ratio on the oxygen unloading curves in sickle cells, demonstrated by the
variation of total fractional oxygen saturation, Y, (=NHO,avg/Cl.), with
time for four cases (B 1: Ct = 0.362 g/cc, M.R. = 1. 13; B2: C,,i = 0.362
g/cc, M.R. = 1.4; A 1: Ct = 0.324 g/cc, M.R. = 1. 13; A2: C,ti = 0.324
g/cc, M.R. = 1.4). The boundary P02 is 20 Torr and the plasma pH is
7.13 in all cases.

the oxygen unloading rates can be accounted for by the
effect of Ct,j on the mechanism of diffusion, a process that
is completely ignored in the equilibrium analysis. Increas-
ing the hemoglobin concentration results in lower values
of diffusivity (Eqs. 68-71) and, consequently, a slower
diffusion process. This decreases the contribution made
by the facilitated diffusion of 02 to the process of
unloading, and this effect seems to override the effect of
an accelerated rate of formation of the low affinity
polymer in the cell. Besides, the existence of nonequilib-
rium conditions in the sickle erythrocyte during the 02

unloading result in a lower polymer content as compared
with that predicted in the equilibrium model (due to the
presence of supersaturated deoxy HbS monomers). The
equilibrium predictions of oxygen affinity for higher
molar ratios were reasonably accurate because diphospho-
glycerate concentrations do not have any significant
influence on the diffusion process.

The plots in Fig. 16 clearly indicate that it is not always
possible to make accurate predictions about oxygen re-

moval from sickle erythrocytes in the microcirculation
based on equilibrium analysis (theoretical or experimen-
tal) of the oxygen affinity of the cell. Equilibrium models
could probably be useful in predicting the oxy HbS
content or polymer concentration in sickle cells from
experimentally measured values of P02 before their entry
into the microcirculation or after the oxygen unloading is
complete.

There are three important dynamic processes occurring
simultaneously within a sickle erythrocyte during the
course of its oxygen delivery in the microcirculation: the
oxygen-hemoglobin reactions, deoxyhemoglobin polymer-
ization, and the diffusional processes. A mathematical
model, which takes into account the complex interplay
among these processes, has been developed to simulate
oxygen unloading from sickle erythrocytes which enter
the microcirculation polymer-free. It is also used to
simulate intracellular polymerization in these cells and
study the effects of various parameters, characteristic of
blood in sickle cell anemia, on these two processes

simultaneously.
This model is as complete as it seems possible to make it

at this time, on the basis of our understanding of the data
in the literature. The model is applicable as long as local
hemoglobin polymerization does not exceed 15% conver-

sion (due to limitations on available polymerization data).
This restriction, however, does not significantly under-
mine the usefulness of this model for the following
reasons: (a) sickle cells, with a typical MCHC of 0.34
g/cc, unload most of their oxygen before the occurrence

of 15% localized polymerization (unloading is 76% com-

plete when the boundary Po, is 20 Torr; for [Po2]" = 0

Torr, the extent of the unloading is 89%). (b) The model
can be used to get more realistic and physiologically
relevant estimates of the delay times for intracellular
polymerization in the microcirculation. (The significance
of these in vivo delay times and their role in the occurence

of occlusions in the microvasculature ["microcrises"] has
been extensively discussed in the past by Eaton et al.,
1976; Noguchi and Schechter, 1981; Mozzarelli et al.,
1987; Ferrone, 1989).
The parameters that have a significant influence on

oxygen unloading from a sickle cell, are the intracellular
2,3-DPG/Hb molar ratio (as shown in Figs. 6, 8, 11, and
14), the total hemoglobin concentration (Figs. 15 and 16),
and, the Po2 of the cell environment (Figs. 11-13). These
parameters have a two-part effect on the oxygen unload-
ing process: (a) the direct effect these parameters have on

oxy HbS dissociation and the free and facilitated diffusion
of oxygen in the solution phase (essentially the same effect
these parameters would have on oxygen delivery from
normal cells), and, (b) the indirect effect through their
influence on the polymerization process. For example, an

increase in MCHC of 0.01 g/cc from 0.33 to 0.34 results
in a six-fold increase in the initial rate of polymerization,
whereas for a similar increase from 0.34 to 0.35 g/cc, the
increase is eight-fold. The formation of HbS polymer has
three direct effects: (a) physical blockage of diffusional
processes in the solution phase by the impermeable,
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undiffusing polymer phase, (b) alteration of hemoglobin
concentration, and, hence, diffusivities of the species and
their concentration gradients, in the solution phase, and,
(c) its effect on chemical reaction kinetics by serving as a

"sink" for deoxy HbS from the solution phase and
speeding up oxyhemoglobin decomposition. For boundary
P02's of physiological significance, the net effect of these
processes, within this 15% polymer conversion restriction,
is to speed up oxygen unloading from a sickle cell, relative
to a normal red cell, at equal total hemoglobin and
2,3-DPG concentrations (Fig. 8).

Sickle red cells, with physiologically higher intracellu-
lar 2,3-DPG concentrations, unload oxygen faster than
normal red cells. The 02 unloading curve for sickle
erythrocytes is biphasic in nature. The initial (but major)
part of the unloading is entirely under the influence of the
elevated 2,3-DPG/Hb molar ratio; the latter part of the
process is affected by the presence of the low affinity
polymer as well (for a sickle cell with Ct,i = 0.34 g/cc and
M.R. = 1.5, unloading at a boundary Po2 of 20 Torr, the
effect of the polymer is virtually nonexistent during the
initial 74% of the desaturation process). These theoretical
results indicate that higher rates of oxygen unloading
from sickle cells are primarily due to elevated 2,3-
diphosphoglycerate concentrations. Our conclusion seems

to be in apparent contradiction with the previously
established notion (based on experimental data by Seakins
et al., 1973 and Winslow, 1978) that formation of the low
affinity polymer is the main cause of the right shift in the
equilibrium oxygen binding curve for sickle hemoglobin.

This brings us to, perhaps, the most significant conclu-
sion drawn from this model study-equilibrium data
(e.g., [P50], data) alone are not a sufficient basis for
predicting the time course of oxygen unloading from a

sickle red cell. We have used the model to demonstrate
this. We showed that the oxygen unloading rate of a sickle
cell, relative to that of a normal red cell with the same

MCHC and 2,3-DPG concentration, could be either
higher or lower, depending on the boundary oxygen

partial pressure (Fig. 7). Equilibrium analysis would have
predicted a lower oxygen affinity and, consequently, faster
oxygen removal from the sickle cell, as compared with the
normal cell, at all boundary P02's. We also analyzed the
unloading of oxygen from sickle cells with different
MCHC's and 2,3-DPG/Hb molar ratios, using the same
values as in the analysis by Seakins et al. (1973). We
found that although (a) the prediction on relative oxygen
affinities for the different cases by our model at equilib-
rium coincided with the experimental findings by Seakins
et al. (1973), (b) the actual rate of in vivo oxygen

unloading could not be predicted from the oxygen affin-
ities alone. As discussed earlier, one reason for this
deviation from simple equilibrium predictions is the role
played by diffusion in the facilitation of oxygen removal

from the cell, a factor that doesn't show up in the
equilibrium analysis. (This is also true for predictions of
oxygen unloading from normal cells with different
MCHC's.) In addition to this, there is the formation of
low affinity polymer and the resulting complex interac-
tions between the three mechanisms of deoxygenation,
diffusion, and polymerization that govern 02 unloading
rates. The influence exerted by various parameters such
as (Po2)X on the nature (or degree) of these interactions is
not apparent at equilibrium conditions; hence, the result
of these interactions, namely the rate of oxygen unload-
ing, cannot be predicted by equilibrium analysis alone.

All model calculations presented here assumed that in
the highly oxygenated state, there was no polymer. The
intracellular HbS concentration in some cells may be high
enough for solubility to be exceeded even at arterial
oxygen pressures (Eaton and Hofrichter, 1987). These
cells would contain initial amounts of polymerized hemo-
globin in equilibrium with the HbS solution prior to
oxygen delivery. The effect of this polymer on oxygen

unloading would depend on the initial concentration of
the polymer, its spatial distribution in the erythrocyte and
the influence it exerts on the three governing mechanisms.
It is not intuitively obvious how this initial distribution
would affect the rate of desaturation (and, effectively, the
rate of increase of supersaturation in the solution).
Polymerization would begin as soon as the cell enters the
microcirculation (tcr = 0) and the rate of polymer forma-
tion would be enhanced by the presence of heterogenous
nucleation sites. The net delay time for intracellular
polymerization would probably decrease for this cell (as
compared with a polymer-free cell with an MCHC equal
to the unpolymerized hemoglobin concentration for the
present case); it is doubtful, however, whether the latent
period would vanish altogether. It seems quite obvious, at
this point, that the effect of initial polymer on in vivo
polymerization in sickle cells (where the rate of increase
of supersaturation is also a governing factor) is quite
different from its effect on polymer formation in deoxy
HbS solutions (where td is shortened significantly or even

eliminated; Hofrichter et al., 1978).
The decrease in delay time could result in an interesting

situation in vivo where the rates of all three mechanisms
(diffusion, deoxygenation, and polymerization) are com-

parable in magnitude. (In the present analysis, the rate of
polymerization is negligibly small during the initial stages
of oxygen unloading when deoxygenation is rapid and the
diffusive fluxes are high.) The net effect of initial polymer
on oxygen transport could be quite complicated. A theoret-
ical analysis of this situation could give some insight into
oxygen delivery from irreversibly sickled cells.

Besides the possibility that polymer is initially present,
a number of other controversial effects or poorly charac-
terized effects have not been incorporated in our model.
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Among these are morphologic deformation of the cell and
its relation to the spatial distribution and concentration of
intracellular polymer, the shift of water across the cell
membrane during deoxygenation, mechanisms of oxygen
incorporation in the deoxyhemoglobin polymer, and the
mechanics of 2,3-DPG interaction with polymerized hemo-
globin.

APPENDIX 1

Governing equations for formation
of critical homogenous and
heterogenous nuclei
The activity of the critical nuclei (Eq. A3.1 1, Ferrone et al., 1985b), at
350C, can be written as

(yTi ni*) = (Yso,NH,SOl) exp [i* InS - 15.6087

iIn i* + 4.5732], (Al.1)

The concentration of the critical heterogenous nuclei (Eq. A3.21,
Ferrone et al., 1985b), at 350C, is given by

nHj. = 4nHexp [j*(InS - 1.2902) - 2.54191nj* - 11.7067]
j* < 13.2278 (Al.7a)

= 4nH exp [j* In S - 16.6087 ln j* + 7.5515]
j* > 13.2278. (A1.7b)

On rewriting Eqs. Al.7a and b in a manner similar to that for Eqs.
Al .5a and b, and using the appropriate expressions for j*, we get

n*j* = 4nH exp [2.5419 In (In S - 1.2902) - 11.5362]

S > 4.4034 (Al.8a)

= 'nH exp [16.6087 In (In S) - 22.509]
S < 3.5099 (A1.8b)

= OnH exp [13.2278 In S - 35.3375]
otherwise. (Al.8c)

where the size of the critical nucleus, i*, is

15.6087
In S (A1.2)

Here, the fraction of contacts per monomer present in an infinite
polymer (Eq. A3.7, Ferrone et al., 1985b), for a homogenous nucleus of
size i*, b(i*), is taken as

1.34 In i* + 0.8\
1 .(A1.3)

On substituting the expression for i* in Eq. A 1.1, we get

(yyi*n ,i*) = ('ysoINH,SOI)
exp [15.6087 In (In S) 22.7081]. (A1.4)

The size of the critical heterogenous nucleus (Eq. A3.23, Ferrone et
al., 1985b), at 350C is given by

-2.5419
1* (1.2902 - In S) j* < 13.2278

16.6087
InS j* > 13.2278.

(Al.5a)

(Al .Sb)

In our model, the value of S varies continuously as a function of time.
Therefore, it is convenient to rewrite Eqs. Al .5a and b with the criteria
based on the value S rather than j*. The modified equations are of the
form

-2.5419
(1.2902-In S) S > 4.4034 (A1.6a)

16.6087
In S S < 3.5099

(A1.6b)
= 13.2278 otherwise.

APPENDIX 2

Activity coefficients
The monomer activity coefficient is a function of the total monomer

concentration in the cell which includes the unliganded deoxy HbS
monomer and the liganded, nonpolymerizing oxyhemoglobin monomer.

It can be computed from the theoretical expression by Ferrone et al.,
1985b

-6
,y = f, (NH + NHO) = exp Bn+I (NH + NHO)n] (A2.1)

n=l

where B2 = 8V, B3 = 15V2, B4 = 24.48 V3, B5 = 35.36V4, B6 =

47.4V5, and B7 = 65.9 V6 with V = 5.056 x 10-2 mM-'. NH and NHO
are in millimolar units. Similarly,

'YsOI = f (NH,,ol + NHO)- (A2.2)

The activity coefficient of the activated complex is a function of the
total monomer concentration and the size of the critical homogenous
nucleus, i* (given in Appendix 1). It can be expressed as the function
,yi+ =f2(NH, NH,.SI, NHO) where (Ferrone et al., 1985b)

__I__ [[ 3A J3A + 13.5A21 B2/
f2= exp BB1/3+

,
/

\1-A [1 -Aj (1 -A)2

A + A2 + A3
+ (1-A)3 jB (A2.3)

with A = 0.048(NH + NHO) and B = (i* + 1)/0.5451. NH and NHO are

in millimolar units. i* = i*(S) = i*(NH, NH..I, NHO) is given by Eq.
A1.2 in Appendix 1.

APPENDIX 3

(Al.6c) Transport equations

The range of values for S is obtained by equating j* = 13.2278 in Eqs.
Al.5a and b.

The fluxes per unit cell volume of the free HbS components are FH =

Vcf,F H and FHO = v,ffFHo. From Eqs. 19 and 20 and the assumption that
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DHO = DH, we get

FHO = -VeffDH V NHO (A3. 1)

FH = -VffDH V NH (A3.2)

For our one-dimensional slab model, the spatial variations are with
respect to x; hence, V = ia/Ox. On combining Eqs. 4, 9, A3. 1, and A3.2
with Eqs. 2 and 3, we get

ONHo _ d[D 2vs A NHO

at x 3 - VS X J

+ K[NH (N) - NHO] (A3.3)

ONH _ d[D 2vS \aNH]
at - 3XH -3-v Ox]

[NH()5 ) NHO] -2- (A3-4)

The transport equation for No (Eq. 1), expressed in the form of Eq.
6b, is

atO . (VefFO)-r-NFI a (A3.5)

The polymer concentration in the cell, nH' can be written as

nH = vP Cp = (1 -VS) Cp, (A3.6)

where Cp is the polymer density (=constant). Therefore,

8nH = F2=_dvscp (A3.6)

On expressing f, as rl/v, and combining Eqs. 4, 9, 18, A3.5, and A3.6,
we get

aNo _ 1 d[D (2vs) aNO]
Ot v dxL °3-vs ax

K [ No n No F2

--INH I-~-- -NHO (A3.7)
Vs \Nso VsQ CP,

APPENDIX 4

Solution fractional oxygen
saturation
The solution fractional oxygen saturation, Ys, can be determined from
the mass balance Eqs. 50-52. These equations can be combined to
obtain

On substituting Eq. A4.2 in Eq. 53, we get

N'H C'H C5 )
;~ n'H c'H(C'P }(nC

SCo-C

Csol
(A4.3b)

where Q is independent of Y, Eq. A4.3b can be rearranged after
expressing C' as a fifth-order polynomial function of Ys (Eq. 47) to
obtain a sixth-order polynomial of the form

Q(C H- e') + (el - Qe'2) Ys + (e'2 - Qe'3) Y2

+ (et Qe') Y3

+ (e4-Qe') y4 + (e'_Qe6) yS5 + e6y6 = 0. (A4.4)

This polynomial has four complex and two real roots (one positive and
one negative). Yl obviously corresponds to the real, positive root.

APPENDIX 5

Hemoglobin and oxygen diffusivity
Spaan et al. (1980) presented experimental data on the variation of
hemoglobin diffusivity, DH. with solution hemoglobin concentration
([Hb]) at 250C. We obtained a good fit to their experimental data with
the empirical function:

DH = (14.032 - 95.148[Hb] + 262.78 [Hb]2
- 280.08 [Hb]3) x 10-7 Cm2/S, (A5.1)

where [Hb] is in g/cc solution. The temperature correction is made
using a temperature coefficient of 3.3%/OC (valid from 250 to 350C)
given by Keller et al. (1971).
A compilation of the data available on the diffusion coefficient of

oxygen in hemoglobin solutions at 250C was presented by Kreuzer
(1970). We obtained an empirical relationship between oxygen diffu-
sivity and solution hemoglobin concentration from his compiled data by
curve fitting:

Do = (2.0719 - 4.5056[Hb] - 0.3107 [Hb]2
+ 5.1794[Hb]3) x 10-5 cm2/s. (A5.2)

The solution hemoglobin concentration is in g/cc solution.
A temperature correction factor of 1.3 has been used by Clark et al.

(1985) to get Do at 370C from its corresponding value at 250C. This
would correspond to an approximate value of 2.2%/OC for the tempera-
ture coefficient (assuming it remains constant between 250 and 350C).
We used the above value for the temperature coefficient to get Do at
350C.

C5 = VsoiCSO, + (I - Vsoi - C') CH + nf,

where n'H = v C'. Eq. A4. 1 can be rewritten as

CP(C; - n'H ) - C'H(CP - n'H)
Vsoi - CP (CSOI - CH )

(A4.1)
APPENDIX 6

Kinetic parameters
Samaja et al. (1981) have given equations, based on the fitting of an

empirical relationship to their data points, which allow an estimation of

(A4.2) P50 at 370C at any given molar ratio (within the range 0.3-2.5), pHe
(range 6.9-7.6) and PCO2 (range 20-90 Torr). For PCO2 = 40 Torr, we
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can rewrite their Eq. B5 as
APPENDIX 7

log P50 = (pH, - 7.0)-5.589 x 10-' G -0.3617}

+ 0.3088G + 1.6134, (A6.1)

where G = log (M.R.). At pHe = 7.4, for T = 370C, we get

P50 = 29.42 Torr M.R. = 1 (A6.2a)

= 33.32 Torr M.R. = 1.5. (A6.2b)

The temperature correction factor, from Kelman and Nunn (1966), is

CF. = 1010.024(T-37)l

where T is in degree Centigrade. On multiplying the P50's in Eq. A6.2a
and b by this correction factor for T = 350C, we get

Spatial partial derivatives at the
boundary nodes
The first and second order spatial derivatives of the concentration of a

species "k" (02, oxy HbS or deoxy HbS) at the cell center and wall,
expressed in a centered difference form, at any instant t', are

Ox' xi=o
(A7.1)

(,Axf, t 2)-A'(-,X, t)
2Axf

(A6.3) k2N' =
,Xt2 x'=O

Nk(Ax', t ) + (-Ax', t') - 2N (0, t')
(A7.2)

A -tN2

P50 = 26.34 Torr M.R. = 1

= 29.84 Torr M.R. = 1.5.

(A6.4a)

(A6.4b)
dN'k
,Ox' X,=I

N'k(I + Ax, t') - Z'k(I - Ax, t')

2kI' (A7.3)
The dissociation rate constant, K, is sensitive to temperature, solution

pH (ppHI in our model), and the 2,3-DPG concentration (molar ratio).
Due to lack of sufficient literature/data published on the variation of K
with pHi and M.R., we had to use a crude method to get approximate
values of the kinetic parameter. K was estimated using the data from
Salhany et al. (1970) and Bauer et al. (1973). We outline a sample
estimation ofK at pH1 = 7.22 and M.R. = 1 for T = 350C.

Salhany et al. (1970) have given the variation of K with solution pH
for a stripped Hb solution (M.R. = 0) and a Hb solution with M.R. = 2
at 240C. The approximate values ofK at the two molar ratios (0 and 2),
corresponding to a pH of 7.22, are 35.6 s-' and 42.6 s-', respectively. A
similar plot of Kvs. pH is given by Bauer et al. (1973) at 370C for molar
ratios of 0 and 4.9. At pHi = 7.22, K is 193.7 s-' for M.R. = 0 and
243.9 s for M.R. = 4.9.

Salhany et al. (1970) have also plotted the variation of K with
2,3-DPG concentration for a fixed hemoglobin concentration
([HbJ = 0.05 mM), solution pH (pH, = 7.0) and temperature (240C),
which is, effectively, the variation ofK with M.R. (range 0-10). In their
plot, K varies almost linearly with M.R. in the range 0-2 and the actual
value ofK for M.R. = 1 is only -1% higher than that obtained by linear
interpolation between M.R. = 0 and 2. This variation is nonlinear
beyond a molar ratio of 2, the value ofK for M.R. = 1 being -5% higher
than that from linear interpolation between M.R. = 0 and 4.9. We
somewhat arbitrarily assume that the shape of the curve is invariant
with temperature and pH. In other words, we assume that K, at pHi =
7.22, is approximately 1% (T = 240C) and 5% (T = 370C) higher than
the corresponding linear interpolation values between molar ratios 0 and
2, and 0 and 4.9, respectively. This gives us, at pH, = 7.22, M.R. = 1,

K = 39.49 s- ' T = 240C (A6.5a)

K=214.14s- T=370C. (A6.5b)

The value of K at 350C can be estimated from an Arrhenius plot
(log,0 K vs. reciprocal of absolute temperature) of the above values.
Because logI0 K varies linearly with 1/T (absolute), we get

K = 167 s-' (pHj = 7.22; M.R. = 1; T = 350C). (A6.6)

We use the same procedure to get K at the higher molar ratio. Thus,

K = 179 s- ' (pHI = 7.22; M.R. = 1.5; T = 350C). (A6.7)

C'(X)2X+= A

fN'( I + Ax', t') + R ( I - Ax', t') - 2M (1, t')
k~~~~~~~~~~~~~~~~~~~~~~~~~~~~~(A7.4)

respectively. Fictitious node values, N'(-Ax', t') and N'(1 + Ax', t'),
are used to make the finite difference forms of the partial derivatives
accurate to the second order (truncation error of the order [Ax']2).
Because all first-order spatial derivatives have the value 0 at the cell
center (Eqs. 36-38) and because the first-order spatial derivatives of oxy
and deoxy HbS concentration are equal to zero at the cell wall (Eqs. 39
and 40), we get, from Eqs. A7.1 and A7.3,

M (-,&c, t ) = Nk(,&X, t')

'k(I Ax', t') 'k(I Ax,

On substituting these values in Eqs. A7.2 and A7.4, we get

k2Nk

I(Xt)2 IX,=I

2[N](Ax', t') - &k(0, t')]

(AX')2

2[AT(I - Ax', t') - ]'k(I, t')]
(Ax')2

(A7.5)

(A7.6)

(A7.7)

(A7.8)

Eqs. A7.7 and A7.8 are used to determine the second-order spatial
derivatives of oxy and deoxyhemoglobin concentrations at x' = 0 and 1
and of oxygen concentration at x' = 0. The value of a2 NR/a(x')2 at x' =
1 is redundant since the boundary oxygen partial pressure has a fixed
value and the mass transport equation for No isn't solved for that node.

APPENDIX 8

Equilibrium analysis for oxygen
affinity
The total fractional oxygen saturation of HbS, from mass conservation
of oxygen, is given by (Sunshine et al., 1982)

Yt = XS + xp Yp, (A8.1)
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where xp and x5 are mole fractions of the polymer phase and solution
phase hemoglobin. Because there is no oxygen in the polymer in our
model, the polymer phase fractional oxygen saturation, Yp, is equal to
zero. Mass conservation of hemoglobin requires that

x = 1 - (A8.2)

=c(Ct - Cso) (from Ross et al., 1977).
- tC(Cp - C'00) (A8.3)

We use the Hill equation to get the solution fractional oxygen satura-
tion:

(Po0 /P50)A
1 + (PO2/P50)n (A8.4)

Because this equilibrium analysis is done to compare our theoretical
results with those obtained experimentally by Seakins et al. (1973), we
used their values of plasma pH, molar ratio and hemoglobin concentra-
tion. Hence, in this analysis, we use a molar ratio of 0.915 (14.3,mol/g
HbS) to represent normal blood. From A6.1, at T = 37°C and pH, =
7.13, we get

P50 = 35.85 Torr M.R. = 0.915. (A8.5)

Applying the temperature correction (Eq. A6.3) for T = 350C, we get

P50 = 32.1 Torr M.R. = 0.915 (A8.6)

The corresponding Hill coefficient, from Winslow et al. (1983), is 2.62.
The P50 at molar ratios of 1.13 and 1.4 and the corresponding Hill
coefficient (n = 2.64) are given earlier (Eqs. 72 and 73). For our
convenience, we rewrite. Eq. 47 as

Cso0 = 0.161 + 0.2901 Ys - 1.9235 y2 + 6.2436

*4 - 8.264 Y4 + 3.9754 Y5, (A8.7)

where the solubility is in grams per cubic centimeter. The polymer
density is 0.69 g/cc.

TABLE 8.1 Effect of Ct and M.R. on (P50)t

(P50), [Torr (P50), [Torr]
Our model Seakins et al., 1973

Cases (pHe = 7.13) (T = 350C) (T = 370C)

(a) Normal (M.R. =
0.915) 32.1 (28.12)* 31.4

(b) Sickle (M.R. = 0.915,
C, = 0.324 g/cc) 48.2

(c) Sickle (M.R. = 0.915,
C, = 0.362 g/cc) 55.57

(d) Sickle (M.R. = 1.4,
C, = 0.324 g/cc) 54.77 (47.98)* 46.3

(e) Sickle (M.R. = 1.13,
C, = 0.362 g/cc) 59.30 (51.94)* 49.8

*Values obtained when our P'50s are scaled down by a factor such that
our value for normal blood (M.R. = 0.915) at 370C coincides with the
experimental value from Seakins et al. (1973).

We used Eqs. A8.1-A8.4 and A8.7 along with the corresponding
values of P50 and n to get Y, = Y,(Po2) for fixed values of C, and the
2,3-DPG/Hb molar ratio. The P02 at which Y, = 0.5 is the (P50), of the
equilibrium oxygen dissociation curve for the given sample. Our
theoretical results are listed and compared with the experimental results
of Seakins et al. (1973) below in Table 8.1
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